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Chapter 12 Boundary-Value Problem in
Rectangular Coordinates

* Role of Chapter 12:

Discuss the boundary-value problem for the case of two independent
variables.

(X-y & %)

Use the methods of (1) separation of variables or (2) the Fourier transform to

solve the problem. / /

Chapter 12 Section 14.4
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12.1 4 % f%;% Separation of variables (%<& &)

12.2 % ?‘;?’fr T3

12.4 Wave equation TR 5 121 ¥ AT

12.5 Laplace’s equation | (7 ZLiFFe®& % YY)

SR )
(1) 3 & separation of variables f2 PDE 1= ;#
(2) £ frEa
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45 % boundary value problem (BVP)

Initial value problem (1VP)
bl o’u(x,t) _ d'u(x,t)

OX* ot’
BVP: u(0,t)=0 u(L,t)=0
I\VP: 0)=f aul _
u(x0)=1(x) U —g(x

partial differential equation (PDE)

ordinary differential equation (ODE)
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Section 12.1 Separable Partial Differential

Equations

12.1.1 Section 12.1 & &

(1) linear second order partial differential equation

au o°u 6u ou . gou -
A 888y+cay D@ E5y+Fu G

B2 —4AC > 0 : hyperbolic, B> —4AC =0 : parabolic

B2 —4AC < 0 : elliptic
(2) Partial differential equation (PDE) =% = & f%:2 :
Separation of variables (see pages 713-715).
z.3% © real separation constant (page 713)

7 terms
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12.1.2 Linear Second Order Partial Differential Equation

o°u o°u o°u ou ou _
Aax +B@x8y+cay +D8 +an+Fu—G

independent variables: x, y dependent variables: u(x, y), i &

homogeneous : G(x, y) =0, nonhomogeneous : G(x,y) =0

= U
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particular solution, general solution s2_% — 4riih

[ Theorem 12.1.1] Superposition Principle

If u, u,, ...., u,are solutions of a homogeneous linear partial
differential equation, then

U=CU +CyU, + e+ +C U,

IS also a solution of the homogeneous linear partial differential
equation.
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12.1.3 Method of Separation of Variables

% PDE with BVP (or IVP) &= &
(1) method of separation of variables
% PDE § ¢ 37 ¥ x 2 $Fy higtcs o
BRK 2 S u(xy) = X(X)Y(Y)
(2) using the Fourier transform (or Fourier cosine transform,

Fourier sine transform) (see Section 14.4)

£ 3 er# ¢ PDE ODE
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Method of Separation of Variables &% 42

(Step 1) B 2 5 u(X, y) = X(X)Y(y) 7 i3 B4

(Step 2) #u(x,y) = X(X)Y(y) ** »~ PDE » = PDE %
“function of X " =*“ function of Y 7 =

)

S

—A

A A F % real separation constant
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Steps 3,4,5 & 4~ = # F ¢ Cases % jz

‘%0 trivial enfia) ek o 915 ¥ fhcases 3R E T g
(Step 3) #-functionof X =—1 &35 41 > 7 5 X(X)

: (@) 4% 3 & ** % e boundary (initial) conditions -
» & Aiz-H T R (#]4epages 742, 758 HF )

(b) 5 » L2 Y(y) € 5 p 3
(A% boundary (initial) conditions @ =)
() teiz— H ¥ > F chpFiz » € @4 1 a4
(Step 4) #-functionof Y=-1 ez 5 4 > 5 Y(y)
TR eh 3 fo Step 3 4p e
(Step 5) u(x, y) = X(x)Y(y)
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(Step 6) # & 2 boundary (initial) conditions » & #-#1% ¥ it e
B A P

(Step 7) * 2= & boundary (initial) conditions #- coefficients F-

=R

iT- 5% € * 3| Fourier series, Fourier cosine series
g« Fourier sine series

°% % X 73 boundary (initial) conditions » Steps 6, 7 ¥ 12 7§ 1%

Rules:

X 1 BVP (IVP) f§ & L E XKX)

x5 Y(Y)
B X(X) & Y(y) ¢ "

2% BVP (IVP)
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2 2
Qu(xy)  dulxy) g

OX° oy
u(0,y)=0 u(L,y)=0
u(x,0)=f(x) g‘;/yo =g(X)

du(x,y) , du(x,y)
x> 8y2
u(0,y)=f(y) u(L,y)=0

%u(x,y) =0 a@u(x, y)

y=0

£ 8 X(X)

£ 85 Y(y)
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Note: Separation of variables 77 ;2 # § X & ¥ 2 % 1) PDE #7175 %
FEfERZEF XX)Y(Y) k&7

Separation of variables e & 4 a B vv B 5 3 % i H
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Example 1 (text page 434)

ou® _ 40u
ox: oy

Step 1 B3K 2 5 u(X, y) = X(X)Y(y) (&% B &)

e 8U2 ou
Step 2 #u(x, v) = X()Y(y) &~ U _40u
ep 2 #-u(x, y) = X(X)Y(y) A

X"(X)Y (y)=4X(x)Y'(y)

X"(x) _Y'(y)

4X(x) Y(y) real separation constant
;X0 _Y'(y)
X0 Y(y) -t (% i 52)

X"(X)+4AX(x)=0  Y'(y)+AY(y)=0
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X"(X)+4AX(x)=0  Y'(x)+AY(x)=0

Case 1 for Steps 3, 4, 5 1=0

Step 3-1 X"(X):O
auxiliary function ~m“=0 roots : 0, 0
X (X)=c +C,X

Step 4-1 Y'(y):() Y(y

N

Step5-1 - u(x,y)=X(X)Y(y)=(c,+c,x)c;=A +Bx
A =CC, B, =C,C,
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Case 2 for Steps 3, 4, 5 A <0

AT S UL RV
Step3-2 X"(X)—4a’X (x)=0 roots of the auxiliary function: 2¢, -2«
X (x)=de** +d,e**
@ F #fzrem 2 X (x)=c,cosh(2ax) + ¢, sinh(2ax)

stepd-2  Y'(Y)_ 2 Y'(y)=a? (y)=0

Y'(y)-a® (y)=0  Y(y)=ce"”
Step5-2  u(x,y)=X(X)Y(y)= Aze“2y cosh(2ax) + Bze“2y sinh(2ax)

Az = C,Cq Bz = C5Cq
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Case 3 for Step 3 A>0

03I AR A=a’
Step3-3  X"(X)+4a’X (X) =0  roots of the auxiliary function: j2¢, —j2c

X (x)=c, cos(2ax) + g Sin(2ax)

Step -3 ¢ ((yy)) Y'(y)+a’Y (y)=0 Y(y)=ce™”

Step53  U(X y)=Ae *’cos(2ax)+B,e*”sin(2ax)

F & JZ boundary conditions » #4775 ¥ i efiE R Ae 4 &
Step6 u(x,y)=A +Bx+ > [A, e“? cosh(2ax)+ B, e sinh(2ax)]

Z[%,ae‘“zy cos(2ax) + B3,ae‘“2y sin(2ax)] a5 i3 9 8
(04



12.1.4 Classification

o°u o°u
A +B@x@y
B°—4AC >0
B°—4AC =0
B°—4AC <0

+DgU+Eg§+Fu 0

The PDE is said to be hyperbolic (g # 4)
The PDE is said to be parabolic (#2 4 #)

The PDE is said to be elliptic (#f[F]7))
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-

—_—

B A LN A2 SN Axy TG L

AX® +Bxy +Cy* +Dx+Ey+F =0

¥ X +y -1=0 ¥ X -y=0
x*+y?=1 y=x
B~ 4AC =—4<0 B*—4AC =0
y - )
3, 2 1 0 1 2 3 X E ° 1 i | 2 »
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X

0 1 2 3

X3. % P 1
relife C R RGFESE THB o T ey

B°-4AC<0, B°-4AC=0, B°-4AC>0

PR 0 s AP A B
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Example 2 (text page 435)

30°U _du 0°u _ o°u 0’u , 9°u _
ox> oy ox* oy’ ox*  oy?

726



1215 # &3 B e 3

(1) = aﬂf T &Mk vy o £ Bk classification of equations 14
% method of separation of variables.

#x @ » method of separation of variables f#;* 4z > f 7 &
;'}’g‘_ 7 & 3% (Sections 12-4, 12-5 fr#-% ig i = j2

M4E © 32 % - % U(xY) = XY ()
% = # function of X = function of Y = -4
(3) Method of separation of variables %3 & p= » ¢ 4 = % % i cases.

(4) Separation of variables& 2 BVP 4- IVPpF » % & #-—= & cases ¥
a1k i 3T se4= X (Step 6)
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(5) = 7 > i f2/4 BVP & IVP > 5§ #-de* +d,e”
g = c,cosh(2ax)+c.sinh(2ax)

(6) Hyperbolic, parabolic, elliptic g &+ » # 12 % % i@ special
cases ks

(7)“%2” a9 BVP&IVP¥ 113 Steps 3,4 % * ¥ &
(>]4 pages 742, 758 17+ =)

“3 %30 F7 e BVP AIVP R A Step 7 ¥ P &JIE
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Section 12.2 Classical PDEs and Boundary-
Value Problems

1221 *# 9% %

(1) one-dimensional heat equation (& # - % heat equation)

(2) one-dimensional wave equation (2 f§ £ = wave equation)

(3) two-dimensional form of Laplace’s equation (2% f§ # = Laplace’s equation )

K O°U _ou
ox? ot
220U _0ou

2 2
ox- ot

2 2
87U+67U:O

aXZ 6y2

k>0
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& 227 -
1500 L

heat equation, (page 730) wave eguation, (page 731)
Laplace’s equation, (page 734) |aplacian, (page 735)
Dirichlet condition, (page 738) Neumann condition, (page 738)

Robin condition  (page 738)

AESER I REES R L ot P 5



12.2.2 One-Dimensional Heat Equation

k o°u _ou
ox* ot

d ok D RAGE I (JEEEAL L kA 438F )
u(x, t): temperature, t:time, x:location

XTAX
:": f"’fﬁ

e
_— EhF 154

Fig. 12.2.1

heat equation %] & : diffusion equation
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12.2.3 One-Dimensional Wave Equation

g20°u_0ou
ox* ot
TRl 85 A (e B AL L A 4397 )

u(x, t): height, t:time, x: location

u 4
"* F wave equation %] & : telegraph equation
Fig. 12.2.4 5 -
g R’LL =0 uﬂz 0 X
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(2) £ %P 2 15 A 4 3B

(1Y
u(x,t) 4
LR
. R -
X x+Ax X
Fig. 12.2.2 3
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e \Wave equation H i i *
Theory of high-frequency transmission line
Fluid mechanics (748 # &)
Acoustics (#-5)
Elasticity (58 # 5)

Microwave engineering (& ;4 1 42)
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12.2.4 Two-Dimensional Form of Laplace’s Equation

2 2

otk A FiQ. 1223 R RREF = § A 1 fcE

u(x, y): temperature,

X, y: location
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Laplace’s Equation 7~ ¥ #* Laplacian % 7+, V2u(x,y) =0

Laplacian: V?2

2 2
VZ ’ o°u @
u(xy)=24+24

V2 (X, Y,2) = o°u 82u+62

OX* c’9y2

0z°
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e Laplace’s Equation snH i g #
Static displacement of membranes
Edge detection (:f s 18 iB])

Microwave engineering (& & 1 #%)
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12.2.5 Modification

dp bk A 5 Rgreh R T (T

—

] : heat equation = modification

k@—h(u—u ):a—u

ox? 4 ot

»| : wave equation = modification

262
F(xt,u,u
~2 TF( )=

o°u

ot’
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12.2.6 Boundary Conditions g Initial Conditions

Dirichlet condition

Neumann condition

Robin condition

Uu=........ (2 He )
ou_ 4% (7 #cs)
on

U hy=...... (iR £)

on

h is a constant
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Section 12.4 Wave Equation

1241 * %% &

& f%;4- R 32 (one-dimensional wave equation)

20°U _ 0°U

BVP and IVP
u(0,t)=0 u(L,t)=0 fort>0
u(x,0)=f(x) %—Ltjt():g(x) forO<x<L

Z;= A page 741-749 ]+ 2 page 750
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F v+ > Sections 12.4 4 125 + #_Section 12.1 < method of

separation of variables s ¥ 42

‘E\k\

(¥ & ¥ method of separation of variables 3 % & &)

£

standing waves  (page 751) normal modes (page 751)
first standing wave (page 752) first normal mode (page 752)
fundamental frequency (page 752) nodes (page 754)

overtones (page 754)
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12.4.2 Solutions for Wave Equations (p & $* % jZjz5)

2 2
azgxlzjzgtlzj O<x<L t>0
w4 agr u(0t)=0 u(L,t)=0 fort>0
u(x,0)=f(x) %—ltj =g(x) forO0<x<L
1 21)]

Ff# (i¢ * method of separation of variables)

Stepl HBEfEE  u(x, t) = X(X)T(1)
92 0°U _ 0%u
ox> ot
X"(x)  T'(t)
X(x) a’T(t)

Step 2 #-u(x, ) =X()T() * »

a®X"(x)T (t)= X (X)T"(t)

742



@#25 ODEs X"(X)+AX(X)=0  T"(t)+a’AT (t)=

Steps 3, 4, 5 i IR
(1) #]1 5 x =7 boundary condition #& f§ H > #7112 L f2 X(X)
(2) » = 1=0, 1<0,1>0 = i# cases
(3) 4 >+ u(0,t)=0 forallt>0 u(0,t)=X(0)T(t)=0
T@) # # 5 0(F B u(x, t) = X(X)T(t) =0 for any x, t)
712 [X(0) =0
32 d u(L,t)

0 # iz 3rpEr X(L) =0

X"(X)+AX (x)=0 subjectto [X(0)=0] and |X(L)=0
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X"(x)+AX(X)

subjectto | X(0)=0| and | X(L)=0

0
0

T"(t)+a’AT (t)

Case 1 for Steps 3,4,5 A=0

Step3-1  X"(x)=0  X(x)=dx+d,
1245 boundary conditions
d, =0 dN=0
dL+d=0 = d,-0 X(x)=0
iz 1% case & 4! trivial solution u(x, t) = X(x)T(t) =0
u(x,0)="f(x) #m2HL J-omam
& 7 J f# Step 4-1, Step 5-1

744



Case 2 of Steps 3,4,5: A<0

Step 3-2 L A=—a?
X"(x)—a’X (x)=0
Solution: X (x)=d,e” +d,e™
TR E X (x)=d,cosh(ax)+d;sinh(ax)
1245 boundary conditions X(0)=0 and X(L)=0
d4 = O :: d4 — O
d, cosh(aL)+d,sinh(aL)=0 d; =0
iz case & 41 trivial solution u(x, t) = X(X)T(t) =0
u(x,0)="f(x) #mizH 2 A<0pm@ajz
& 7 f f# Step 4-2, Step 5-2
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Case 3 of Steps 3,4,5: 4>0

Step 3-3 L A=at
X"(x)+a’X(x)=0
Solution: X (X)=¢,COSaX+C,SinaX
2% boundary conditions X(0)=0 and X(L)=0

1 - a—M g 7 > Z
c,cosal+c,sinalL =0 T NAELFE

C, = any nonzero constant

PV B f&d (':1:O T}t‘%ﬁ.; C1:O
c,cosalL +c,sinalL =0 c,=0

LA RIS S LR SN

46



X (x)=c,sin VT x

L -
_nrx A=’ =17
a="7 a’ =17

Step 4-3 T"(t)+a’AT (t)=0
T (1) + 7T (1) =0

Solution: [T (t)=c, cos(rkt”t)+c4sin(mf_‘”t) n 2 3 Ak
Step 5-3

u,(x,t)=X(X)T(t)=c, sin(”lif x)[c3 cos(”a”t +c4sin(”a”t)}

inl N na n ([ Na PR .
-sin {7 A cos("e)« B sin( ") | i e

A, =c,C;, B, =C,Cy,
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AR un(x,t)zsin(”T”x)[Ah cos(mT”t)+B sin(”aT”tﬂ

HeY - Bz, Fliniizg i

Step 6

u(xt)= gun (x,t)= nZ.:‘sin(-”f—f—

o

nNazx

L

t)+ anin(

naﬂ't

L

)
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e ¥ n{ﬁ,‘iféﬁi’”w PN R e 3] oo

bd —o0 4c 3] o0 ?

s an(MT )~ _gin(-N7 nar ) _ gos(=naz
] % sm( ’ x) sm( Ex), cos( : t) cos( ] t),
sm(”iﬂt):—sin(_r‘fﬂt ' (Ausin (0= 0
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Step 7 u(x,t):gsin(”%x)[ﬁhcos(mT”t)+anin(”aT”tﬂ
4 Initial conditions
u(x,0)= f () W —g(x
Sasn()  a= e en(
LA A, ;’;f(x) 1 Fourier sine series,

nar
B, = |_ 4_g(x) =2 Fourier sine series

_2(* in N7
_Ljo f(x)sin [ xdx

naz _ 2 N7 _ 2 (* N
B, =11, g(x)sm [ xdx Bn_naﬂjo g (x)sin [ xx
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1243 $ 3@ 3 &

2 0°U _ 0°U u :3
T T o AR
u(0,t)=0 u(L,t)=0 A ar
_ aul
u(x0)=f(x) G =g(x) @ i B
- ot
F
f(x)
Fig. 12.2.4 E -
J Ru=0 uﬂ=0 X

atx =0 atx =L 751



u(x,t)= nisin(”f x)[A1 cos(mf_wt)Jr anin(mt”tﬂ
u(X,t)=u, (X, t)+u, (X, 1)+ Uy (X, T)+eeeeeee

A ¢ un(x,t):sin(”T”x)[An cos(ﬂi—”t)+ anin(”‘"‘T”tﬂ

=C,sin (nT” x)[sin (%@—t + ¢n)}

C,=A*+B’ cos¢n=% sin¢nzcﬁ

n n

u,(x, t) & F- 1% standing waves (#14) £ normal modes
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n=1pF > u(x, t) 4 F 1 first standing wave s
first normal mode 2 fundamental mode of vibration

u, (x,t)= Clsin(% x)[sin (aT”t +¢1)}

ul(x,t +%) = Clsin(% x)[sin(aT”t + 27z+¢1)} =u, (x,t)

Ty :% # - 1® fundamental frequency (A #f) ¢ first harmonic
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NI EEAE 0 Uy(X, ) AL AL T second standing wave
Us(X, t) A i third standing wave

First standing wave

Second standing wave

Third standing wave

Fig. 12.%

=Y
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u,(xt)=C, sin(nT”x)[sin(MT”t +¢n):|

X=T B TR un(L,t)=0
n
x=L

& n" standing wave ¢ node (& gk)

o A 1 [ - n-&
u,(x, t) g & =1/3dp = N5

f= nze}_ =nf, 44 1% overtones (4% )
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Section 12.5 Laplace’s Equation

12.5.1 Section 125 &% &

rF\:B’gE:SJ U(O,y)z

o°u , o°u
Co+020=0 0<x<a, <y <
Ox° +8y2 0<y<hb,
(¢ * method of separation of variables % fz)
@ = @ L <V <
R ey 1J A 0 Xy 0 for O y b,
u(x,0)=0 u(x,b)=f(x) forO<x<a
"F32, u(0y)=0 u(ay)=0 forO<y<b,
u(x,0)=0 u(x,b)=f(x) for0<x<a
F
f

f
(y) u(ay)=G(y) for0O<x<a
)=g(x) forO<y<hb,
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¥ /LR “superposition principle”

(vE— B o+ e0FTH G )

Sections 12.4, 12,5 en#& 8L > * 3R &ﬁ?f‘v?: ]

(1) Method of separation of variables =3 ¥

(2) Superposition principle

PS: 4r% 2 ix e i 4 B 9ug4g:8>T % 4 £ & 4= wave equations

F= Laplace’s equations 72 solutions # 4= %k > 2. 7 & $ef |
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12.5.2 Solutions for Laplace’s Equations (p & $* B jZ j#

7)

o’u , o°u

ot oy 0 0<x<a, 0<y<b,
ou  _ ou _

&X:O—O &xza_o forO<y<bh,

u(x,00=0  u(x,b)=f(x) forO<x<a
Stepl  EXFEE U(X y)=XX)Y(Y)

S A 62 =0

tep 2 o o2 ayz g4
X" ()Y (y)+ X (x)Y"(y)=0 X"(x) __Y"(y)
X)) Y(y)

@421 ODEs  X"(X)+AX(x)=0  Y"(y)-AY(y)=0
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Steps 3, 4, 5 e I

(1) #]1 % x e boundary condition $ f§ B > #7112 & f2 X(X)

(2) # = A=0, 1<0,41>0 = i# cases

. oul _
(3) o * Gxxzo_o forall0<y<Db,
oX (X)Y ,
T _x (v (y)-0
x=0

Yy) 2 ¥ % 0 (% B u(x,y) = X(X)Y(y) =0)

“7rl | X'(0)=0
32 d g;J(X:a:O — |X'(a)=0

o d  u(x,0)=0 —|Y(0)=0
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X"(x)+AX(x)=0 X'(0)=0 X'(a)=0

V(y)-A(y)=0  [¥(0)=0

Case 1 of Steps 3,4,5: 4=0

Step 3-1 X"(x)=0 solution: X (X)=¢, +C,X
¢ boundary conditions X'(0)=0 X'(a)=0
c,=0
X(x)=c¢

Step4-1 Y'(y)=0  Y(0)=0
solution: Y (Y)=C;+C,Y
¥24% boundary condition Y(0) =0, c; =0

Y(y):C4y

760



Step 5-1
U(X’ y):X(X)Y(y):C1C4y:Aoy A, = CC,

Case 2 of Steps 3,4,5: A<0

A=—af

Step3-2  X"(x)—a®X(x)=0 X'(0)=0 X'(a)=0
solution: X (x)=d,e” +d,e
vy X (x)=d,cosh(ax)+dssinh(ax)

-
N

J boundary conditions ~ X'(0)=0  X'(a)=0

wnz dcosh(ax)=asinh(ax), & sinh(ax)=acosh(ax)
d5a =0 d5 = O X B O
d,asinh(aa)+d.acosh(aa)=0 — d,=0 —> X(x)=
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F1pt o case 2 ¥ 4 trivial solution u(x, y) = X(X)Y(y) =0
u(x,b)=f(x) #gmizis & A<Opraje
(% % & & Steps 4-2, 5-2)

Case 3of Steps 3,4,5: A>0

L A=
Step33  X"(X)+a’X(x)=0  X'(0)=0 X'(a)=0
solution: X (X) = ¢, cos(eX) + C, sin(eX)
4 boundary conditions X'(0)=0 X'(a)=0

C, = any nonzero constant
c,a=0 i

| ~a EE N3
—casin(aa) +c,a cos(aa) =0 N &Kk
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F & b
Nz , 2 _n°z’
K]@zqanzm: n 2 R K /I:a::a2
) N2 _ N2
Step4-3  Y"(y)- " Y(y)=0 since A= .

Y(0)=0

1V/4 Nz
S A

solution: Y, (y)=d.es’ +d,e @

=¥y s Y, (y)=c, cosh(n{f y)+c4sinh(”§ y)
123% boundary condition Y(0)=0  C; =0
YJy):Qsthgi)
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Step 5-3
u(x,y)=X(x)Y(y)=¢ cos(n” x)c4sinh(n?” y) = A cos(n?”x)sinh(n?” y)

a
~CC
n-g_ix g ik A =0

Step 6 F& ¥5F ¥ ab FfE > 2FR4rde K
_ N Nz y\sinh Nz
u(x,y)—Aby+nZ;A]cos( % x)smh( . y)
AN E I LA o m2hd —o0 S I 009

i I2 e 3 & page 748
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Step 7 u(x, y) = AOY+§1:A1 cos.(%fx)sinh(%Z y)

nonzero boundary condition: u(x,b)= f (x)

f(x)= Abb“LgAh cos(ﬂf— x)sinh(”?”b)

¢ g 2ab ge Asin(%b) (=12, ..,

#_f(x) =7 Fourier cosine series =7 coefficients
remember : Section 11-3 ¢ Fourier cosine series =
a p
f(x)= 2°+Za cosngx a0=%jo f (x)dx

_2(° nz
a, = pJ'o f (x) cos ) Xax

)
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_2(° in ()2 [? nz
220 =2[" £ (x)dx Ahsmh( ’ b)_ajo f (x) cos I xdlx

_ 1@ = 2 " £ (x) cos " xdx
% ab.[o F(x)dx “ asinh(”é’b)jo (x) a
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12.5.3 Laplace’s Equations with Dirichlet Problem

0'u, 0 _g g<x<a O0<y<b,
OX* Gy

u(0,y)=0 u(a,y)=0 0<y<b,
u(x,0)=0 u(x,b)=f(x) 0<x<a,

* method of separation of variables » &3 & & 2!

— inh N7 v sin N2
u(x,y)_nZ;A]smh 2L ysin X

_ 2 : in N7
A, = j f (x)sin o Xdx

asinh N7 p 70 VA FRY 227
a
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12.5.4 Superposition Principle

Dirichlet Problem ¥ 4 fZ = % B+ i 48

2 2
2o

u(0,y)=F(y) u(a,y)=G(y) forO<y<nhb,
u(x,0)=f(x)  u(x,b)=g(x) for0<x<a,

0<x<a, 0<y<h,

v BE AR SR PF o {RELE #* separation of variable 97 2
7 ) j»{
F o
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2 2
>R Rl 0°u, 0°U _q O<x<a, 0<y<Dh,

x> ayz
u(0,y)=0 u(a,y)=0 for0<y<b,
u(x,0)=f(x) u(x,b)=g(x) for0<x<a,
FR4E2 0°Uu,0%u_
ax2+ay2 0 0<x<a, 0<y<h,
u(0,y)=F(y) u(a,y)=G(y) forO<y<h,
u(x,0)=0 u(x,b)=0 forO<x<a,

B3R U(X, y), Uy(X, y) » W] 2+ R 48 1, & B A8 2 chfiz

P1U (X, y) = Uy, Y) + Up(x, y) AR 3 B AT ef2

(z bz >> Section 4-1 = superposition principle)
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B UK Y)=u(Xy) + Uy (X, y)
u(0,y)=u(0,y) +uy0,y) =0+F(y) =F(y)
u(@ y)=uyay)+uyay)=0+G(y)=G(y)
u (X, 0) = uy(x, 0) + uy(x, 0) = f(x) + 0 = f(x)

U (x, b) = uy(x, b) + uy(x, b) = g(x) + 0=g(x)

Ya l Ya
g(x) (a,b) gx) (a,b) 0 (a,b)
= +
F(y) V2u =0 G(y) 0 Vzul =0 0 F(y) Vzuz =0 G(y)
fx) - (x) X 0 X




Sopanl e W(xy)= Z{Ah cosh”—”y+ aninhrgfy}sinrzfx

n=1

ZI f(x) sm(n”x) X

B_smh(””b)[zjg sin(7x) - A, cosh ()|

SRR 2 iz U(Xy)= Z{chosh Lzt aninhr};’y}sinnéfx
2 (y)sin(1 y)y
Bn_smh(””a)[zj sm( )dx chosh( b )}
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12.5.5 Sections 12.4 2 125 % & /3 § e >

$ ¥ A3 & pages 713-715 <1 7 1 steps » ﬁi ﬂg‘ ;:-% :’z ; f;? A5

(AN
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@) 7 X7 LRI
% boundary conditions 3% u(0, y) =0, u(L, y) =0,
B {6 (2% v sine 7 M X(X)Zczsmnﬁzx FE L 2Ln

ou
% boundary conditions #1 3R oy

e onag, OU
x=0 OX

B {6 02 % & fr cosine g constant 5 R
X(x)=¢, or X,(x)=c¢ cos”fx FH L 5 2L
(4) 55 83916 » 5 Tl u(x, y) £ boundary conditions
Ru@y)=0 — I‘I&»fr'zg X(@)=0 -

F U b) =0 — rewig V() =0 -

=0

X=L

% 7 %’(X:a—o — Tkﬁr;\g X'(@)=0">
FE 5,70 = e V() =0
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(5) ¥+t wave equations @ % > X(X) f= T(t) 7f% 3 4p e 7 A

4% X(X) % sine & cosine, T(t) » % sine & cosine

¥+ Laplace’s equationsm = > X(X) = Y(y) cfZ 3] it 7 F
4% X(X) % sine & cosine, Y(y) & sinh & cosh
25u 52U o°u @2 )

X2 ot? OX* 8y
X"(x) _ T2 (t) __a X”(x):_Y”(y):_i
X(x) a’T(t) X(x)  Y(y)

(6) & 3 & cosh(x), sinh(x) s+ 5



(7) Method of separation of variables A2+ 35 + % % )45 e 2
(11 & pages 741-749 wave equations 3 1)
@ X"(x)_T"(t) _
X(x) a’T(t)
(b) Steps3,4,5 & ¥ g #773 cases

(C) ! ?E.;J["%‘E; Cl:O b4 C1COSOtL+CZSIn0(L=O }'lj%ﬁ—clzczzo

Fl i a ¥ L E /L, 4o & page 745 it
(d) = Step 6 » & #-773 ¥ 5p inf#4ed= % > 4 F_u(x, t) - 4 fz



Exercise for Practice

Section 12-1 2, 3,6, 9, 12, 16, 18, 22, 23, 27, 30
Section 12-2 3,4,8,9

Section12-4 1,3,4,7,8,9,11, 14

Section 12-5 2,5, 6,9, 11, 12, 14, 16, 17, 18
Review 12 1,2,6



Happy New Year!

SRS RS LSRN ST
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