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Chapter 14 Integral Transform Method

Integral transform # 14 £ 5¢ = 4o chfg & 3% o transform

F(s)=] K(s.t) f(t)ct
N\

* kernel
Laplace transform is one of the integral transform

L{f(®)}=] e f(t)d

* F 313 ervintegral transform: Fourier transform

3{f(t)) = j el f (t)d
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Chapter 14 ¥ 5 = &_Chapter 7 4 Chapter 11 57 &

Fourier Transform:
(1) ¥ 5 = #-Laplace transform s 3 = —ja
i TN IOO e ey
0

o0

(B

(2) 2 ¥ 5 = Fourier series % p & & 'L~ i)

rTeg @ Chapter 14 choo ;N g W% » 2 229 4917 > BL 3k
S B R A R
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Section 14.3 Fourier Integral

14.3.1 ¥ &

(1) Fourier integral: (4= Fourier series e E_s - #2)

j [A(a)cos(ax) +B(a)sin(ax)]da

Ala)= I f (x)cos(ax)dx B(a)zf f (x)sin(ax)dx
(2) complex form # exponential form of Fourier integral

f(x)=5-[ C(a)eda

C(a)=]_ f(x)e"da
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(3) Fourier cosine integral g cosine integral

2_[ a)cos(ax)da Ala) =_[O°O f (x)cos(ax)dx
{25 0 (1) even 2 (2) interval: [0, o)

(4) Fourier sine integral £ sine integral

2_[ a)sin(ax)da B(a) :_[OOO f (x)sin(ax)dx

A5 0 (1) odd £ (2) interval: [0, )
(5) Others

Z 3 . absolutely integrable (page 660)
partial integral (page 672)

Bk [SN2dy =2
* 7 0o 5
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14.3.2 From Fourier Series to Fourier Integral

#§ % @ Section 11-2 = Fourier series:

f(x)= % Z(a cosZ x +h sm”gx) aozl_[p f(t)dt
=1

P pJ-p
1 (P Nz 1 (P Nz
a == f(t)cos—*tdt b.==1 f(t)sin“Ztdt
n p —p ( ) p n p_“_p ( ) p
f(x)= le_[ dt+1zu cos”gtdtjcosngx

P
Z(jp f (t)sin rWtdtjsin””x
P P
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_ 1 P 15 (° nz nz
f(x)_zpj_pf(t)dt+ p;(f_pf(t)cos s tdt)cos 5 X
1 P - N7z - N7
+ = f (t)sin~2tdt [sin~2x
(I sinr s

n=1
L Aa =" 1_Ac
‘ P P
f(x)=82("

o7 ) f( dt+AaZ(I (t)cos(nAc - t)dt)cos(nAa X)

LAa Z(I (t)sin(nAa -t)d )sm(nAa X)

=217T y f (t)dtcos(0Aa - X)Aa + 71[21(] (t)cos(nAa-t)dt)cos(nAa-x)Aa
1 1< ) )
t5o] f( )dtsin(0Aa - x)Aa + = n:l(j_p (t)sm(nAa-t)dt)sm(nAa.x)Aa
When p >

o, Aa — 0

(F X ——> o) 659



Whenp — o, A« >0

Alimo{S(O)Az‘”riS(nAa)Aa} - ["S(a)da

1,

@ @ N
0 A, 2A, 3A, 4A

(94

f(x)="1 j:( [ (t)cos(at)dt)cos(ax)da +1 jooo( [ 1 (t)sin(at)dt)sin(ax)da

f(x)=1 j;”[( [ (t)cos(at)dt)cos(ax)da +( [ (t)sin(at)dt)sin(ax)da}
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14.3.3 Fourier Integral

Fourier Integral:

f(x)= %J‘:[A(a)cos(ax) +B(a)sin(ax)|da

Ala) = _[_O:O f(x)cos(arx)dx Bl = j_z f (x)sin(ax)dx

Fourier integral 3 % =7 sufficient condition:

f;‘ f(x)dx converges

Fie B iE 2% &> f(X) & absolutely integrable
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Beft %300
A(a):jw f (x)cos(ax)dx B(a):jif(x)sin(ax)dx

-1 j a)cos(ax) + B(a)sin(ax)]da

fl(x) ’f\.” f(X) A yid Y

w- B 2R f(x)= 1] [A(a)cos(ax)da +B(a)sin(ax)da]
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Theorem 14.3.1 Condition for convergence
When (1) f(x) = piecewise continuous
(2) f'(x) = piecewise continuous
(3) f(x) = absolutely integrable

The Fourier integral of f(x) (%7 — F =7 f,(X)) converges
to f(x) at a point of continuity.

At the point of discontinuity, f;(x) converges to

f(x+)+f(x-)
2
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Example 1 (text page 499)

Find the Fourier integral representation of f(x)

0 x<0
f(x)= 0<x<2

1
0 X> 12

Aa)=[ f(x)cos(ax)dx= jozcos(ax)dx " sing{_ax): _ Sin(aza)
B(ar)=[" f(x)sin(ax)dx= jozsin(ax) 2 % : :1—co;(2a)

(04

f(x)=1 j:[wcos(ax) 1= cos(2a) sin(ax)}da
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Example 1 chfzen¥ — f8 % o1 /&

<! Sin(2ar) cos(ax) + 1—cos(2a)
Jo (94 (04

sin(ax)}da

—h
—~
>
~—

I

® 0O

— . - 2

NF NP Y 3

© g

 2sin o {cosa cos(ax) +sin asin(ax)}}da
o

- 2sin acos(ax—a)}da
a

© 8

% :llﬁ;tl;ﬁ’;\ 5\‘)

~
I
f,¢
P
N
\
=g
Ji
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14.3.4 Fourier Transform & #tende &7 — £ 3 238§ 4 eh

e
d Example 1
1 ¢~| sin(2a) 1-cos(2a) .
f(x)_ﬂj0 R cos(ax) + - sin(ax) |da

:lJ'“’ 25|nacos(ax—a)}da
T J0 04

When x =1, since f(x) = 1

2 [“siha _ “SINd N, _TT
ﬂL—zfda—l L da =7
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sin(zx)

# Zv @ osinc function s &  sinc(x) = .
T

¥ * % sampling theory, filter design, % if 2t}
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14.3.5 Fourier Cosine and Sine Integrals

(A) Fourier cosine integral % cosine integral

2_[ o )cos(ax)da AR G2 BE e

Ala)= _[Ooo f (x)cos(ax)dx
¥g L 3T cosine series
iF A5 (1) f(x) is even, f(x) = f(—x)
(2) 5 v f(x) § x>0 hpFiz ehig

Fourier integral 7

(% v2 %+ Section 11.3 7 half-range expansion,

Bk 1(x) = 1(=x))
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(B) Fourier sine integral % sine integral

Zj a)sin(ax)da
B(a)=|. f(x)sin(ax)dx
Xg Y 3T sine series
350 (1) f(x) isodd, f(x) = —f(—x)
(2) 7 f(X) § x>0 enpFig enig

(% v+ >+ Section 11.3 =7 half-range expansion,
2 B3k f(x) = —f(—x))
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Example 3 (text page 501)
Represent  f(x)=e™", x>0

_ (a) by a cosine integral (b) by a sine integral
Solutlon'

(@) Ala j e " cos(arx)dx
Suppose that dx[ble‘X cos(ax) +b,e " sin(ax) | =e™* cos(ax)

—be™ cos(ax) —bae™" sin(ax) — bze‘X sin(ax) +b,ae™ cos(ax) =e™” cos(ax)

b +b,a=1 a
—> _ b =
{_b]_a_bz _ b= 1+a ? 1+ a?
Ala)=-—L e *cos(ax)+—%— e *sin(ax ’ 1
() 1+ o ( )1 2 ( )0 1+ a?

(27 > 7 - BBI7cnpP-:# 572 > * Laplace transform)
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cosine series:

_2 2 [~ cos(ax)
j ) cos(ax)dar = < jo e da

(b) B(e je sm(ozx)dx—lJra2

jo asin(aX) da

f(x)=2]"B(a)sin(@x)da = 2 L

T T
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i '
''''' - X = X
cosine integral

sine integral

Fig. 14.3.4
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14.3.6 Partial Integral

partial integral for Fourier integral

-1 j a)cos(ax) + B(a)sin(ax)]da

partial integral for cosine integral
~2 J' a)cos(ax)de

partial integral for sine integral
Zj a)sin(ax)da
(* b B~k o)
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For Example 3

(a) F5(x) (b) F20(x)

Fig. 1435 (b=5) (b =20)
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14.3.7 Complex Form

complex form or exponential form of Fourier integral

f(x) 1'[1C(a)e_j“xda

2

Ca)=[ f(x)e"da

remember:  e!** =cosax+ jsinax
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Proof:
d 3 % page 660 Fourier integral sz _%

:[(I—Z f (t)cos(at)dt)cos(ax) +(_|‘_O:o f (t)sin(at)dt)sin(ax)}da

—y
—~~
>
~"
I
[HEY

N N[ N

) f (t)[cos(at)cos(ax) +sin(at)sin(ax)|dtda

" £ (t)cos(a(t - x))dtde

oO o —00

_ f(t)cos(a(t - x))dtde

?

AE - f(t)cos(a(t—x)) ¥ a @ 7 E_even function



Loj (t)cos(a(t—x))dtde

From j (t)sin(a(t—x))da =0

(W15 f(t)sin(a(t—x)) % am % & odd function)

(® 0O

f(x):1

272'.—00.

)
o (t)[cos(a(t—Xx)) + jsin(a(t—x))]d di&
)

_1 (¢ jor(t—x)
=511, f(t e dtdex

~ L [ [ 1 (t)ej“tdt}e‘j‘“da

f(X)=2L [ C(a)e ' da C(a)=[ f(x)e"dx

27T -
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14.3.8 Section 14.3 Z & /1 §, chpt

\ oWl 1 ..
1) 25 F L vba > B (Fourier integral)

g Zlﬂ (Complex form of Fourier integral)
g % (cosine integral, sine integral)
Q- L fFAratBgF ¥ I

jxcos(ax)dx 'xsin(ax)dx 1

LR juv’:uv—ju’v
je‘x cos(ax)dx

e * sin(ax)dx

52 B3k 25 be " cos(ax)+be " sin(ax)
& ¥

i * Laplace transform 7= 5%, s =1 678




Section 14.4 Fourier Transforms

14.4.1 % &

Fourier transform » # ¢ )Ih #_complex form of Fourier integral
SN s[f(x)]zf f(x)ei*d %F(a)
3 % Fourier transform
SHF(a)]=L [ F(a)e™da=f(x)

277 -0
AaF L (1) T
2) 5 «—— &% =3¢ ¢ % {r Laplace transform +* $i

(3) Solving the boundary value problem (pages 692-702)
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(A) = =

(1) Fourier transform

(2) inverse Fourier transform

(3) Fourier sine transform

(4) inverse Fourier

sine transform

(5) Fourier cosine transform

(6) inverse Fourier

cosine transform

S[1 (0] =] T (x)ed %F(a)

SF(@)]= 4 [ F(a)e ™ da= 1 (x)
3 [f(0)]= I f (x)sin(ax)d % F(a)

3 F(@)]= 2] F(a)sin(@x)da = f(x)

3 [T (X)] =£)>f (x)cos(ax)d *F(a)

] a)cos(ax)da = f (x)

AR ",fle % = cos(ax) 14
L

= & # = 4 Fourier transform % &
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(B) Hes 2

(7) for Fourier transform 3[f'(x)]=-jaF(a)
(8) SLEP (0] = i)V F ()
(9) for Fourier sine transform Ssl f'(x)]=—a C\:S;C [ f(x)]
3
(10) 3 [f"(x)]=-a3,[ f (X)]+f(0)
(11) for Fourier cosine transform 3%[ f '(X)] — afs; [f (x)]— f (0)
7 e

(12) 3 [f"(x)]=-a* 3, [ (x)]-f'(0)
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(C) Problems with boundary conditions ( % s %' )

(13) ¥ % . * Fourier o< X <o
transform {52

(14) _P’ 2Rt Fourjer , O<Xx<oo U (X, y) —0 whenx=0
sine transform 53
=0

(15) ¥ ¥ & * Fourier AV %U (X,y) )

cosine transform 52

¥ b > & 3% page 693 3t E in e
(D) &3
transform pair (page 682)

heat equation kg‘;;:%‘# (page 694)
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14.4.2 Transform Pair

Transform pair sz _%

R p——

4
o

Al A4e B 252 - i transform pair
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14.4.3 Fourier Transform

Fourier transform pair
S[F(0)]=] f(x)ed *xF(a)

IHF(a)]= 217zjjo F(a)e "da = f(x)

fez_ v complex form of Fourier integral 4p +* &

77 @ Cla) # = F(a) S REPS B LF??
Fourier transform 5 f g 2

(1) j ‘f da<oo (absolutely integrable)

(2) f(x) and f'(x) = piecewise continuous -



e Fourier transform 4= Laplace transform 2_ @& erf# %

S o

Laplace: F(s)= _[Ooe‘“ f (t)dt

0
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14.4.4 Fourier Sine Transform and Fourier Cosine Transform

Fourier sine transform pair
Ss[f (x)]zj: f (x)sin(ax)d % F, (a)
()]= 2'[ a)sin(ax)da = f (x)

Fourier cosine transform pair
(x) ]=rof (x)cos(ax)d *F.(a)

(a)]=2 j a)cos(ax)da = f (x)

Fourier sine / cosine transform 3 #_eik 2
(1) I f(x)da<wo  (absolutely integrable)

(2) f(x) and f'(x) = piecewise continuous
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Fourier sine / cosine transform =g, &
(1% f(x) = even

Fourier transform ——— Fourier cosine transform
_[_OO f(x)e!dx=F(a)

f f (x)e’*dx = _[ X)(cosax+ jsinax)dx

= _OO f (x)cosaxdx + jj_ f (x)sin arxdx
oo F30

= | f(x)cosaxdx

=2 j cos o Xax

for Fourier cosine transform  F(a)=F (a)/2
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(2) Inverse Fourier transform —thwerse Fourier cosine transform

L * ~Jax =
5 _F(a)e"da=f(x)

LR (@) da=f(x) (4 BT)

>
—

d %%} Fourier cosine transform & =

F.(a)=F.(—«) (even function)
% :FC( Je 1 *dg = 1_[ a)cos(ax)da — 2 j a)sin(ax)da = f(x)
1j a)cos(ax)da = f(X) M

688

ZI a)cos(ax)da = f (x)



Fourier cosine transform % f ** Fourier transform 7§ input f(x) = even &
A5 0 % f(X) 5 even >

F.(a)=F(a)l2

Fourier sine transform % f ** Fourier transform § input f(X) = odd 335
% f(x) = odd -

e Rhm » FfX) ¥ exel0,0) 2 Fj &+ FI0H
Fourier cosine / sine transform

(% i1 *+ Section 11.3 < half-range expansion)
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14.45 fch B

(1) Fourier transform i & 4 5
S ()]=]" F'(x)ed % f(x)e*|"
=—ja3[f(x)]
M BE IR — K f(X) = 0 when X — oo and X — —oo
g S0 (0]=(ja)VF (a)
L 1 %t Laplace transform

L{f'(x)} =sL{f(x)}- f(0) | f (x)edx

*+ Fourier transform

jaj JO‘de

s — —ja, without initial conditions
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(2) Fourier sine transform iz & |+ &

o0

(x)]= j x)sin(ax)d x f(x)sin(ax); —a| f(x)cos(ax)dx
= ‘Sc [f (X)]
(3) Fourier cosine transform iz & 4+ &
Sc[f'(x)]:jooo f'(x)cos(ax)dx = f (x)cos(ax), +04J'_Oo f (x)sin(ax)dx
=a 3, [f(x)]-1(0)
2 % ¢ (1) Fourier sine, cosine transforms 3 #&

QD atf5rk

(3) Fourier cosine transform & % g initial condition
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14.4.6 Solving the Boundary Value Problem (BVP)

KPRA AT 3R 0 & b s R Y

(Condition 1) interval 3 —oo <V <o pF

* Fourier transform
(Condition 2) interval 5 0<v <o >
3 Uu(v, .....) =0 when v =0 7 boundary condition F*
* Fourier sine transform
(Condition 3) interval 5 0<v <o >

4 gvu(v, ------ )=0 when v =0 = boundary condition p

* Fourier cosine transform
693



i# * Fourier transform, Fourier cosine transform, Fourier sine transform %
B partial  differential equation (PDE) > BVP & IVP
IR E AR

(Step 1) 4 page 692 =R » %k 4% & 4-%F 8- & independent variable » ¥+
Fé- transform (Fourier, Fourier cosine, # Fourier sine transform)

(Step 2) ¥+ PDE 1% Step 1 #7;4 2 s transform, A & 7 PDE & = -4+ ¥ *t - i
independent variable =~ ordinary differential equation (ODE)
(Step 3) #- Step 2 #+# 1 9 ODE 2 & 4 %

(Step 4) Step 3 =78 4 sk ehfz ¢ 3 — &= constants > ¥ 2 ¥+ initial conditions (&
boundary conditions) ¥ transform :#- constants % J;

(3% 4 Step 1 #riasrtransform — & » 2 &_transform =%f % 5 = &_initial
boundary conditions » £ pages 694, 697 |+ )

(Step 5) £ ¢ » W2 7 1% inverse transform (& 35 85 )
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Example 1 (text page 506)

k@_@_u

heat equation: ot

—00 < X < 00 t>0
U,, |xlJ<l
subjectto U(X,0)=f(x) where f(x) {0, | x[>1

Step 1 4 = 44 X #4 Fourier transform

3l qu(xt)=|

—00

[e¢]

u(x,t)edx =U (a,t)

2
SRE S {kgxg} = o {%tj} S PO NE S SNy
oU (a,t) s & Fourier transform 2_ {4 >

2 —_—\7)
ka'U (@)= FFIT Ui A
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Step 3

Step 4

dU (a,t)
dt

+ka®U (a,t)=0 ¥t ta % > & 1storder ODE

U(a,t)=ce™" ip#fenc @0 ta 2 & constant -
e § ¥ 5 € dependenton ¢ (3 %]/1 %)
Fx u(x, 0) = f(x) #-c iz 4
o Step 1 - 4% > » & 4% x iF Fourier transform

v F ¥ % 2z = initial condition

I u(x0)=["

Q0

f (x)e“dx = _[jluoeiaxdx
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U(at)=ce™ "8 | (,0)= 20, S0

jad c=2u,SNa
(04

U (o t) = 2u, SIN& g7+

Step 5 = FH 0 w7 {8 & gainverse Fourier transform

u(xt) =35 U (at)] =51 [ 2u, snga okt iaxg

FE kg SN g g a3 L even

function #-u(x, t) * @ 3 u(xt) =t [ sina gk

(cosax— jsinax)da
T J—o O

:uio * sin a COS a X e—kaztda
JT J—0 o
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Example 2  Laplace’s equation

g;‘ngg;Lz‘:O O<x<rm y>0
u(0,y)=0 u(z,y)=e? y>0
ou

au - _g

o, O<x<rmr

Step 1 i Z_4+%+y w Fourier cosine transform

Sy U Y] =f:u(x, y)co &yd y=U (X,a)

OX? oy?
dU (x,)
dx?

2 2
Step2 3,y (T8}, T4 =3, 10) om L[ ]= a1 (1) 10

—a’U(x,a)=0 ¥t x 12" order ODE
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2
step3 TUUD)_ay (x4 =0

mem) U (X a)=c coshax+c,sinhax

AR DB THEfEL T R U(x,a)=ce™ +c,e™
65 :M C :@
1 D 2 2

e & &7 = U(Xea)=ccoshax+c,sinhax

% % J2 boundary value condition

—X

sinhx:e—ze sinh0=0
X x d d _
cosh x = € Ee dx cosh x =sinh x dx cosh x . 0



U (x,a)=c, coshax+c,sinhax
Step4 4  u(0,y)=0 u(wy)=e? Xf%c,C,

f-Step 1 - # » » & ¥ty 1F Fourier cosine transform

P & _¥F % 2T = boundary conditions

(1) U@O,0)=3 u(o, y)}='f:0-<:05aydy=0

eyt

@) U(r.a)=3,, . (e )} = [[e 7 co aydy=_ 1

________________________ e

(¥ 12 * Laplace transform e T B~3372 )
A sl o~ U (X,a)=c coshax+c,sinhax
1 ¢ =0 —>
1

: 1
= C, =
(2) c,coshzx+c,sinhzx T4 27 sich 2x(+a?) 7o

c,=0




U(xa)= sinh ax
sinh 7x(1+ a°)

Step 5 inverse cosine transform

e~ _2((* sinhax
u(x,y)=g0y[U(Xxa)]= ﬂ_[o sinh wx(Lt &) cosayda

(*% FIBAR T > ERL MY }gg)
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14.4.7 Section 14.4 & & 3 § e 3

(1) #c~ = 3% % ¢ - Fourier cosine transform - Fourier sine transform ¢ 3 = 3 ¢35 -
(See pages 690, 691)
2) 258 ¢ 1 2 EF (BRI ER DN 2 e )

(3) %f% boundary value problem pF > & 7 %
i@ pF* Fourier transform
= ¥ * Fourier cosine transform,

® pF * Fourier sine transform  (See page 692)
(4) % boundary value problem ;i fz 8245 2& » 2 & & J& i
IRE N 2 L T
i#* transform -

¥-J A 4%+ B2+ independent variables it 4 ¢ PDE >
B4 4 44— B independent variable i 4 1 ODE
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(5) % f# partial differential equation & » 1/ ¥ 44+ - # independent variable i+
Fourier transform, ¥ — i# independent variable % < 258 > 4= Examples 1 and 2,

pages 694 and 697 ]+
PhRAEARY 0 p oL & # A vt B independent variable i¥Fourier transform

KAA PR TR 3 (u(xt) (ERFEFRT)

(6) Step 4 4= Step 1 ¢ 7 F 4+t — 1 independent variable % #fF — F&
transform » ¥ §_rJZ «n¥f % s 7 initial (or boundary) conditions (see pages
695, 699)

(7) ‘L & page 698, 5 P27 ¢ * ¢, cosh ax + ¢, sinh aX
kBt Ce” +Ce i E
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ek~ L H @ & ¥ B enFourier Transform eha_ &

S[g(0)]=[ g(x)ed %G(w)

Q0

3G(0)]=2 [ G(w)e™do=g(x)

27T -0

X (x)]= \/;ng e g %G (o)
\/:j_w w)e'*dw = g(x)

2 3[9(X)]=Lﬂ9() e >"d % G(f)

G(f)ejz”fxda):g(x)
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) I N

(1) d P g Rs o e anls o - LR R
FIEE IR BT LL # o

= _n:_/,_.. N

() 25~ L~ 3P REH G FR A DN pS - B A
AN\

“ X

(3) FdFd Rk fn > P s F g

K S S SN
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Exercise for Practice

Section 14-3 3,4, 7, 12, 15, 16, 17, 19, 20
Section14-4 1, 2, 3,9, 12, 15, 16, 18, 19, 20, 21
Review 14 2,7,8,11
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