q1 AR BE -k 2 AR
Differential Equations (DE)

ﬁggq% ANEE 15

4G H ¢ http://djj.ee.ntu.edu.tw/DE.htm
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Chapter 7 The Laplace Transform

BN T Sk

Chapter 4 % 3% i gk y(t) ¥ B+ DAy(t)

K
Laplace transform® 14 #- S?Y(t) o

s“Y (s)—s*"y(0)—s*?y'(0)—--+---—sy™ 2 (0) - y* ™ (0)
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Section 7-1 Definition of the Laplace Transform

7-1-1 Definitions

e Laplace Transform of f(t)

L{f(t)}= jowe—st f (t)d

oAy kN 4 transform (his %
F(s)=L{f@®}=] e f(t)d
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Laplace Transform is one of the integral transform
e transform: # — % function % = ¥ ¢} — i function

e integral transform: ¥ 14 & 55 = ff & 3% chrtransform

F(s)=[ K(st) f ()t
e kernel

¥F Laplace transform & =

K(s,t)ze‘St, a=0, b—oow

;X Chap. 14 #-# 3| erv Fourier transform, » #_— f& integral
transform
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7-1-2 Linear Property

jo‘”e-st [af (t)+ Bg(t)]dt = jooo e ' f (t)dt + 8 jo“’e—stg(t)dt

L{iaf(t)+Bg(t)}=aL{f(t)}+AL{g(t)]

X7+ o 913 dhintegral transform #% % linear property
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7-1-3 The Laplace Transforms of Some Basic Functions

f(t) F(s)
; :

gn Sﬂi
exp(at) a
sin(kt) R
cos(kt) s? Jsr k?
sinh(kt) Ti
cosh(kt) T

(ot B4R )
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Example 1 L{1}

. S S S
e—s-oo . L \ S e_S_b
(1) - Lo it SN e F lim—
S b—w
—S-00
(2) szAm ik s> 0, #r =& =0
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Example 2 L{t}

b b b
o u(t)v'(t)d u(t)v(t) —| u'(t)v(t)d
L{t}= [ te " [ uv(t)d eu(t)v(), - u'(®)v(t)
:_teStoo_i_jooe_St dt
S o 0o S
__w-e®”, 0. e
S S 32 0
— 5.0 —s.0
:_esz +esz
1
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Example 3 L{e™}= ?13

Example 4 L{sin(2t)}
Mf” N R E 2tk
s - B WWHZE || 2t
v iR S|n(2t)_~2—i(e —e'?)

L{sin(20)} = 5 L{e™ |- Lie _IZt}:Zlis—liZ_éLiSJrliZ

1 S+12—(s—12) _ i4 2
- 2i (s—-i2)(s+i2) 2|5 w4 244

417



Text page 258 1 ¥ ¢k = 1 i+

L{t+5th=L{g+5L{t) =1+ 5

, _ - N . _ 4 20
L{4e t—105|n2t}—4L{e t}—loL{S'”Zt}_S+3_S2+4
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7-1-4 When Does the Laplace Transforms Exist?

Constraint 1 for the existence of the Laplace transform :

For a function f(t), there should exist constants ¢, M > 0, and T > 0 such

that
f(t)<Met forallt>T

In this condition, f(t) is said to be of exponential order ¢

f(t) -
Me® (c>0)

ft)

Fig. 7.1.2

eees
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+ o f(t)=t, e, 2cost ¥ 5 exponential order 1

Fig. 7.1.3
f(t
( )“ exp(t) f(t) 1 exp(t) f(t) 1 Zexp(t)
1
2cost
— I < S VAN
@0, J'cioc oo NN
(a) (b) (c)

oLt 29 > % - Bfunction = - exponential orderc # ¥ -
zl=+ ¢ f(t) =t" 5 exponential orderc,c>0

There exists an M such that t" ifc>0

eCt SM
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P f)=exp(t?) o A 3 - BCitiE

f(t)<Me" forallt>T

f(t) A Sxp(t*2)
exp(ct)

—

I -

oo ¢ t Fig.7.14

RE - Bci@®E [f(t)<Me" forallt>T

2P Ff(t) 5 of exponential order
TR AP A () 5 not of exponential order
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Constraint 2 for the existence of the Laplace transform :

f(t) should be piecewise continuous on [0, )
rixPtelablwFp (0<a<b<owx)
f(t) 5 discontinuous gk #ic 5 5 "L

# = &_ T piecewise continuous |

f(t) ,

1 H : .- -
@olelo) ; t1 t2 t3 b t Fig. 7.1.1

) >

AR f()=1/t 2 5 piecewise continuous
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Constraints 1 and 2 are “sufficient conditions”

F s &
F A s &

v

Laplace transform 7% 7

v

Laplace transform & < % % &
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Fop)or f(t) =tV2 2 % piecewise continuous

e £_ Laplace transform % & F(s)=s"*Jx

A oupt L f(t) 7 5 plecewise continuous €_%] &
f(0) >
A f(t) e t=0'FiTs £ 5 B 7 1@ § 2
¥F9 0 2 & f(t) > o, [t] isnotinfinite >

f(t) & %_7 & piecewise continuous



Theorem 7.1.3

If f(t) 1s piecewise continuous on [0, «) and of exponential order, then

limF(s)=0

S—0
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7-1-5 Section 7-1 3 & /1 § it

(1) Laplace transform of some basic functions £ # 4= &
(2) e 250 pF > — g3 2 & ] sin, sinh, 10

g A
sin kt > — K - f
S +k < Qe e -~ ”}g I =
(3) # % (a) # 5 exponential funct|on fg A
22 (o) [u(tv(t)d eu(tv(t) - [Tu(t)v(t)d
TE A I

A BRFHEG- BAFEFt—oFEE S0
(5)/"“-'— é 5o
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ek D AL EReR B ERGILR

If A iIs satisfied, then B is also satisfied :

A is the sufficient conditions of B (. 4 i i+)
@9¢o

If B is satisfied, then A is bound to be satisfied :

A is the necessary conditions of B («% & i% i)

B is satisfied if and only if A is be satisfied :

A is the necessary and sufficient conditions of B
(Ce A B 2 & iE 2)
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Section 7-2 Inverse Transforms and
Transforms of Derivatives

S R RN L A
(1) inverse Laplace transform =2+ & (7-2-1 ~ 7-2-3)
(2) #-pex % = Laplace transform 5 * =3k ;2 (7-2-4 ~ 7-2-6)
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7-2-1 Inverse = ;2 - : One-to-One Relation

When (1) f,(t) and f,(t) are piecewise continuous on [0, <o), and

(2) ,(t) and f,(t) are of exponential order, then

if £, (1) = f,(t) . then F,(s) # F,(s)

e o E® o iR, o Laplace transform €_one-to-one

If the Laplace transform of f,(t) is F,(s),

then the inverse Laplace transform of F,(s) must be f,(t).
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Table of Inverse Laplace Transforms
F(s) L{F(s)}
: 1
o tn
sa exp(at)
T sin(kt)
% cos(kt)
Tio sinh(kt)
2o cosh(kt)




Example 1 (text page 263) (a) |- { 1 }
s

A1) 1 a4 1,4
. {?} st {35} 4lt

Example 2 (text page 264) L™ {;Szz_sff}

vl el

s°+4 s°+4 s*+4
=—2c0s(2t) + 3sin £t)

S

_|_

}+3L‘1{ a
4 S

2
+4

}
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7-2-2 Inverse = ;2 (= ) Decomposition of Fractions

4 s +65+9
Example 3 (text page 264) L {(s—l)(S—Z)(S+4)

s?+6s+9  _ A B . C
(s-D(s—2)(s+4) s-1 s-2 s+4

1 s> +65+9 oY 2t 4t
L (s—1)(s-2)(s+4) = Ae +Be” +Ce

RRRE A, B, Chdein B 41 9

s2165+9 _A(s—-2)(s+4)+B(s-1)(s+4)+C(s-1)(s—2)
(s—1(s-2)(s+4) (s—1(s—-2)(s+4)

s°+65+9=(A+B+C)s’+(2A+3B-3C)s—8A-4B+2C =+ JEEF.
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7-2-3 35 A& #cA iF o

s +6s+9 _ A, B, C
(s-D(s-2)(s+4) s-1 s-2 s+4

S EEE (51
2
S*+6s+9 — A+(s— 1) +(s 1)i

(s—2)(s+4)
fs=1mr A0 Bz BHBT L H
=kt (s—2)f¢ e s=2 1~ _ s°+6s+9 25
srELGmaE | i (s-1)(s—=2)(s+4),, 6

:-_\: ‘.—l, S+4 2% ,;}a S:—4f¥)\ — 52+6S+9 L
SR A €= (s-1)(s-2)s+4),_, ~30
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WP & #— i fraction & f% (Cover up method)

K(S) ZQ(S)‘I‘ Ai + AZ deeeenn +7AN
(5_61)(8_32) ...... (s_aN) S—aq S—a4a, S—ay
a;, Ay, ..oy ay T R

K(s) F
—a)o—a,)—(s-ay 2
¢ 17 order of K,(s) <N

(2) & 41 A,

. K, (9
(S - al)(s - az) """ (S o an—l)(s/_aﬁ(s o an+1) """ (S —ay @
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SES s4—833+3132—365+20_Q() A LA A+A(S-I
S— 1 S— 2

(s=1)(s—2)(s—3)°

(s-3)°

s“—83‘°’+3132—363+20_1 s°+25% +35+2

(-D(-2)(s-37  (5-1)(s-2)(s-3)’

$°+25% +35+2 8
'A‘l: > :——:—2
(s~D)(s-2)(s-3)°|_, 4
3 2
A = §°+258°+3s+2 _ o4

(s-1(s=2)(s-3)°

s=2

$°4+25°+35+2 ~ (s—3) Ai (s 3)2 AZ 5+ A+ A(s-3)

(s—-1D(s-2)
A3_s3+252+33+2 _56_28
 (s=D(s-2) 2
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33(2331;(23352 (s—3) A—l (-3 % S+ A+ A(—3)

Cd S +2s7+3s+2) (37 +4s+3)(s-1)(s-2)—(s° +25° +35+2)(25 - 3)
Pods (s-D(s-2) |, (s—1)%(s—2)?
- 21

$=3

34—833+3132—36s+2021_ 2 . 24  28-21(s-3)
(s—1(s—2)(s—3)° s—1 s-2 (s—3)°
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o HITIHE s ek R H|T - BAIH o APTT KBS BBk
on s Peig ek S B o)

Plde s @ om p)F 0 #-s=0 & ~ B

128=—A1—A22+A3_93A4 = (-1-9A - A2+A3)/3—
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HE s° +25+3 A1 A23+A3
(s—1)(s° +Zs+2) s—1" 7 12542

Ai S +25+3 ﬁ

(s=D)(s° +25+2)|

s°+2s+3 _6/5_1 -s°-2s+3 _1 -s-3
(s=1)(s>+2s+2) S—1 5(s—1)(s®+25+2) 5s5°+25+2

s°+2s+3 _6/5_1 s+3
(s—1)(s*+2s+2) S-1 5s°+2s+2

438



7-2-4 Transforms of Derivatives

L{f'(t)} = jje—st f/()d =te (1) +s j:e‘St f (t)d
=0 f(0)+sL{f(t)}=sL{f(t)}—f(0) '\
[Ju@v(t)d euv(t)!-["u(t)v(t)d

L{f"(t)} =sL{f'(t)}— £'(0) =S[sL{ f (t)} - (0)]— f(0)
=s°L{ f(t)}—sf (0)— f'(0)

L{f"(t)}=sL{f"(®)}— £"(0) =s’L{f(t)} —s?f (0)—sf'(0)— £"(0)
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Theorem 7.2.2 Derivative Property of the Laplace Transform

L{E™ (1)} =s"F(s)—s""f (0)—s"2f'(0)—-----—sf "2 (0)— £ "2 (0)
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7-2-5 Solving the Constant Coefficient Linear DE by Laplace
Transforms

a,y" (X)+a, 1y () ++ay'(x) +ay = g(x)

l Laplace transform

a,| s"Y (s)—s""y(0)=s"2y'(0) =+ —sy™?(0) -y (0) |
+2,,| 8" (8) 8"y (0) ="y (0) —+ee =5y (0) -y (0) |
+a,[sY (s) - y(0)]+a,Y (s)=G(s)
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a,[5"Y (5)—s"y(0)~s"?y'(0) =+ sy (0)-y"(0)]
+a,,[s"Y (s)=5"?y(0) ="y (0) =+ —sy" ¥ (0)— y"?(0)]
+a,[sY |+a,Y (s)=G(s)
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Y(S)ZSE:§+I§E§§ Y (s)=W(s)Q(s)+W (s)G(s)
g)=_1
G(s): Laplace transform of the input W) P(s)

Q(s): caused by initial conditions
Y(s): Laplace transform of the response

W(s): transform function

L '[W(s)Q(s)]: zero-input response or state response

L '[W(s)G(s)]: zero-state response or input response
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Example 4 (text page 266)

y'(t)+3y(t) =1 3in 2t

y(0)=6

sY (s)— y(0)+3Y (s) =1 3,2

(s+3)Y(s) =6+25
s° +4

s*+4

Y(s)= B 4+ 26

S+3  (s+3)(s*+4)

—25+6
s° +4

Y(s)_s+3+

Y(s)_S +-2—5>—+3

+3 s° +4

y(t)=8e""

2
s*+4

—2C0S 2t +3sin 2t

26 _26_

(s+3)(s* +4),_, 13

26 2
(s+3)(s°+4) s+3

—2s°+18 _ —2s+6

T(s+3)(sP+4)  si+4
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Example 5 (text page 267)
y'(t)=3y'(t) + 2y(t) =e™ y(0)=1  y(0)=5
| o

2_ = _L
(s —3s+2)Y(s) S+2+

Y(s)=73F2 4 1

§°—-35+2 (s°—3s+2)(s+4)
__ S+2 1
(s-D(s—2) (s-D(s-2)(s+4)
__ 3 .4 11 .11 .1 1
= "s-11s-2 55-1765-2"305+4
__16 1 251 .1 1

5s-1 65-2 30s+4

_ 16,4t , 25,2t 1
y(t)= oe+ e e

-4t
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7-2-6  P-iR &

(&) £PE) Lo

y"(t) -3y'(t) + 2y(t) > P(s)=s"—3s+2
% 1k Sec. 4-3 ...

(B) -+ Q(s)
Q(s)=a,|s" y(0)+s" 2y (0)+-+sy" 2 (0)+y"?(0)]
+a,, "2y (0)+ -5y (0)+ y"?(0) |
.
+a, | sy(0) + y'(0)]
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sn—l Sn—2 S 1
a,x y(0) y(0) y"?(0) y"?P(0)
11 X y(0) y"?(0) y"?(0)
a, y(0)  y'(0)
a, y(0)
P 4u
|4 0 page 444 |+
s 1 1
1x 1 5 5
—3x 1 -3




7-2-7 Section 7.2 § 8 ;1 8 e 3

(1) 34 & 4 A ja

QFrgitiEE D> FRE
R LB S HEIAIR 0 P AT AR R 2
BE T g B g B

(3) Derivative = ;% initial conditions /g & %] & &
L{f™(t)} =s"F(s) =" (0)—s"2F(0) — -+ —sf "2 (0)— f " (0)
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Section 7-3 Operational Properties |
i 5 w0 fg it Laplace transform 3+ & & & (287
First Translation Theorem (translation for s)

L{e*f(t)]=F(s—a)

Second Translation Theorem (translation for t)

L{f(t-a)u(t—a)} =e*F(s)

u(t): step function

(/._‘.E,r:h H\F'&mﬂ PF"')
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7-3-1 First Translation Theorem (Translation for s)

L{e*f(t)}=F(s—a)
Proof:

L{e* f (t j e f (t)dt = j e f (t)dt = F (s—a)

450



7-3-1-1 Inverse of “Translation for s”

When f(t) Is piecewise continuous and of exponential order

C{FG-a)=ef() (- #-)

3L 1 Sections 7-3 fr 7-4 H s g 38 77 oyt
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7-3-1-2 Examples

Example 1 (text page 271)

3 3! toney,, O
(a) L{eSttS} = L{t }s—>s—5 B 34 aSP = (S —5)4
b i’ B | Piss _ S+ 2
(0) L{e* cos4t}=L{cosat}|  , = 2 1600 (5+2)° 116

452



Example 2 (text page 272)

) 2s+5 [ _y-1)2(s=3)+11| ., af 1 a) 1
S e e (=

=2e* +11te*
L—l{s/2+5/3}:|_—1 s/2+5/3 | _1)(8+2)/2+2/3
(b) 2 2 2
S°+4s+6 (s+2)°+2 (s+2) +2

:lLl{ S+2 }-I-\/ELl{ \/—é }
2 |(s+2)°+2) 3 (s+2)°+2

:%e‘ztcos 2t+ge2tsin 2t
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Example 3 (text page 273)

y' -6y’ +9y =t’e" y(0)=2, y'(0)=17

1x 2 17 2 17

—6 x 2 —12
25 5
L{t%e™} = L{t*} = 8_23893_3 = s _23)3

2 _ _ 2
(s°—65+9)Y(s)=25+5+ (53
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2 _ _ 2
(s 63+9)Y(s)—23+5+(8_3)3

(s)= 2s+5 . 2 :2(5_3)+11+ 2
(s-3)° (s-3° (s=3)" (s—-3)
_2 11 1 &
T5-3" (5-3)7 12(s-3)°

y(t)=2e" +11te™ + %Zt“e3t
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7-3-2 Step Function

u(t): unit step function
u(t)=1fort>0

u(t)=0fort<0

............................. > t-axis
t=4
u(t-a) u(t-a)=1fort>a
u(t-a)=0fort<a :
------------------ > t-axis

t=2a
The unit step function acts as a switch (B i# ).
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e Any piecewise continuous function can be expressed as the

unit step function fort>0
Example 5 (text page 275)

f(1)=

{

flt),

100

20t

forO0<t<5
fort>5

f(t)=20t-u(t)—20t-u(t—5)
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In general,

h(t) forO<t<a
f(t)=
) {hz(t) fort>a

f(t)=h(t)-u(t)+(h,(t)—h(t))-u(t-a)
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7-3-3 Second Translation Theorem (Translation for t)

L{f(t—a)u(t—-a)} =e"*F(s)

b

L{g(t)u(t-a)}=e*L{g(t+a)}

‘‘‘‘‘‘

(a) f(t), 0

f(t)

a>0

a>0

5

i/\k
e ]
J'- I
' L]

@Ieicle

-
a

(b) f(t-a)u(t-a)
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Proof:

L{f(t-a)u(t—a)}=] e f(t-a)u(t-a)d +| e f(t—a)dt

_ J-Ooo e_S(t1+a)f (tl)dtl -— é,‘ t]_ —t—1

=e jooo et f (t,)dt, =e™*F(s)



Example 6 (text page 276) L_l{Le_ZS}

Ll{L}:e‘”, Ll{ 1 e } e*Pu(t-2)

g

Example 7 (text page 276) |L{cost-u(t—r)}

S

L{cos(t+ )} =—L{cos(t)} =- 7.1

S

/)
;€
s°+1

L{cost-u(t—=)}=-
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Example 8 (text page 277)

’ 0 forO<t<nr
y'+y="f(t) y(0)=5 f(t):{Scost fort>

f(t)=3cost-u(t—r)

L{cos(t+z)} =—L{cos(t)} =— Szil
L{3cost-u(t—=)}=- Sfile”s

3S ,-7s
s+1)Y(s)=5-3 e
(s+1)Y(s) s?+1

.5 _3/_1 1 S |e”
Y(S)_s+1 2[ S+1+sz+1+sz+1]e
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—i_g _ 1 1 S ~7s
Y(8)=3 2[ 8+1+52+1+32+Je

\

—e™" +sin(t) + cos(t)

y(t):5e‘t+% e~ —sin(t - ) — cos(t - z) Ju(t - z)

—5e ! + % e 1 cos(t) +sin(t) u(t— )
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734 ﬂ‘y‘*-ﬁ,j_,&mkv‘%

(1) #* “translation for t” 2> ;5 &
£ & input % = g(t+a) £ /¥ Laplace transform
()4 Example 7)
(2) %= TH#&EA 4, (&£ 17 inverse
(3) Second translation theorem (translation fort) 3 a>0 pF o i *
4)zr* a5 ag NER
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Section 7-4 Operational Properties I

7-4-1 Derivatives of Transforms

L{t"f ()} = ()" (?S”n F(s)

Loy o
L{f®(t)} =s"F(s)—s""f(0)—=s"?f'(0)—-----—sf "2 (0)— £ "2 (0)

Ay Laplace | % s

3 tn __Laplace TN
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Proof of the Theorem of Derivatives of Transforms:

F(s)= e™f(t)dt

o

C(IjS F(s) =% [ ettt = jowa‘is[e‘st] f(t)dt =—[ e "tf (t)dt =—L {tf (1)}

d” _d" [Pt a7 Sl ¥ P st 4\n
CF(e)=S5] et fmd e[S le T (0d | e (-0 f (ot

=L{(-)" f ()} =(-D"L{t"f (1)}



Example 1 (text page 283) |L{tsinkt}

——  L{tsinkt} = d_K 2ks

Lisinkt! = _ —
{ } ¢ dss? +k*  (s®+k?)?
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7-4-2 Convolution (%5 )

Definition of convolution:

f(t)*g(t):_[:f(f)g(t—f)dr (123 %_3%)

* (X % convolution

f(t)=g(t)= j; f(z)g(t—7)dz]  (3%* B>+ convolution s z_%)

When f(t) =0fort<0 and g(t)=0fort<O0,

A N3y ﬁg L 5T 3 NS
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Convolution 2 % & (£ &)
§ y()=] f(Da(t-7)dr

Input f(7) % output y(t) 03> 5 % g(t—1)

glt—7) Fict® 7 2 Benid B

Input f(r) HHoutputy(t) enge 580 A= 20t 8 ¢ 2 BFenid

P f() s SRR BRI L B S R
g(t-7) ¥ B = 2510 trmB—iIF'&? ts > B A B ok &
B

y(t) ¥ 8 = AU &
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7-4-3 Convolution Theorem

L{f ()= (1)} = L{T (1)} L{g(t)} = F(s)G(s)

Convolution > Multiplication

Proof:  F(s)6(s)=|( [ e f()dz [ e a(5)d5)

=[] e P f(D)g(B)d pdr

note (A)
l\ —
s F l ct=THp

- IO"" L“’e—st f(r)g(t—7)dtdr
- [e ([ F (gt -r)arldt = L[ f =]

note (B )
Ris F P
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oW oW
C =|det ox oy
o ov
oX oYy

det =\d
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Example 3 (text page 284)

t T Al . _ t : _ 1 1
L{joe sin(t r)dr}—L{e *Smt}_s—132+1

Example 4 (text page 285)

Ll{(s%rlkz)z} %(smkt*smkt 1jsmkrsmk(t r)dr
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7-4-4 Integration

L[t (o)de =Lt @ ="

(& =

114 2 ”
Bo— kA

)
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Example:

Lt 1 :Itsinrdr:—cost+1
s(s®+1)| o

Example:

L Ri+ 3 -

LY Ri)« Q0 L [(eyar (1)
)

s ()~ Li(0) +RI(s)+ )§+C1:'(S: L{E(t))
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7-4-5 Transform of a Periodic Function

Theorem 7.4.3 When f(t + T) = f(t)

then  L{f()}=, 1 [Je=f(t)at

. e—sT

Proof: 4 f,(t)=f({) when0<t<T

f,(t)=0 otherwise

fO)=f,)+ f,t-T) +f(t—2T)+f(t—=3T) +.......cec......
=f,()+ f,(t—Tut—T) + f,(t —2T) u(t —2T ) + f,(t -3T) u(t —3T)
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L{f (OF = L{f,(OF + L{A(t-Tu( - T)} +L{f(t—2T)ut-2T)}
AL F(t=3T) U= 3T)} + cveeerennne,

L{f, ) =] e f,(t)dt
L{f(t-T)ut-T)}=e"L{f (1)}

L{f (t—2T)u(t—2T)}=e"L{f,(t)}
L{f(t-3T)u(t—-3T)} =e *"L{f,(t)}




Example 7 (text page 288)

Square Wave (= &) ]+

1 for0<t<1
E(t)= o forl<t<2

E(t) |

i

E(t+2)=E(t)
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L{E(t)}zl—i U 1-e Stdt+j 0-e Stdt}
_ 1 1-e¢> 1 1-e°_ 1
1-e> s (l-e)l+e®) S s(1+e”°)
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Example 8 (text page 288)

Ll%i+Ri:E(t) i(0)=0
E(t) 5 page 476 z_ = &

sLI(s)-Li(0)+RI(s)=

I (s) = UL,
(s+R/L)s(l+e™)

s(+e)
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I(s):: 1/L 1 ::(1/R__ 1/R ), 1
(s+R/L)s 14¢°° s S+R/L

=(MR - ) (e e e )

_;( 1 et oe™ e )
R\s+R/L s+R/L s+R/L s+R/L

-1)1( _ e _ o
L {S}_l L { - }_u(t k)
k=0,1,2,3, ...
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—ks
e e_ks X 1

s+R/L s+R/L
_Rq
;It‘_»f% # L_l{ 1 }:e L 2o\ =\
s+R/L sy,

ioE | e Rk
[ L{S+RH}_6 e,

e—ks e—k(s—R/L)
X L RREARL VLR = SN
Pl BRSNS B s+R/L S R

s—s+R/L

T AR R E s
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7-4-6 Section 7.4 & 3 §, & >

(1) ;323 & 258 g B () @ Page 480 &]3)
(2) 34 % convolution
(3) =4 4 FF > X 7 4c+ initial value

e Qc(:t) = Q((:O) +%J§i(r)dr

(4) - &= B £ & g properties (7 ~ 12 F)
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Section 7.5 The Dirac Delta Function

7-5-1 Unit Impulse

5a(t_to):{ 1

A 1% unit impulse

0 fort<t,—a ort>t,+a
% = 1/2a
/'
=1 ~
,—a f+a t-axis
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7-5-2 Dirac Delta Function

5(t—t,)=lims, (t-t,)

a—0

{ oo fort=t,
§ o, (t=t,)=
o) {O for t = t,

SRR EE NI

v
0a when a—0 Fig. 7-5-2
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7-5-3 Properties of the Dirac Delta Function

(1) Integration '[°° 5(t—t,)dt =1

—00

(@) sifting [ f(1)5(t-t,)dt="f(t,)  whent, e [p, q]

p

Proof:  [£ (t)s(t—t,)dt=lim [ f (t)5, (t-t,)dt

p a—>0dJp

=~ f(t,)lim[ o, (t—t,)d  f(t,)

a—>0dp

% a ) g o f(t) =f(t,) fort,—a <t<t,+a
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(3) Laplace transform of ot —t;)

L{S(t—t,)} =& whent, >0
Proof: J‘O"" e S(t—t )t
(4) Relation with the unit step function

[ 8(r-t)dr=u(t-t,)

Lu(t-1,)=0(r—t)
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7-5-4 Example

Example 1(a) (text page 293)
y'+y=45(t—2x) y(0) =1  y'(0)=0
s?Y (s)—s+Y(s)=4e "

—27s
Y(s)=—>—-+4% L—l{ 1 }zsint
(5) s+1  s°+1 2

s°+1

y(t)=cost +4sin(t —2z)u(t - 27)
=cost+4sint-u(t—2x)

cost 0<t<2rx
y(t)= _
cost +4sint t>2rx
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where W (s)=-1

P(s)
(1) w(t) = L"'{W(s)} # i weight function £ impulse response
Note: When Q(s) = 0 (no initial condition) and G(s) = 1 (g(t) = 1)),
Y(s) = W(s), y(t) = w(t).

(2)F % = /,?%#‘ Dirac delta function ot — t;) 7= i i® delta function -

Impulse function » £« unit impulse function
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7-5-6 & & &L R o

(1) Dirac delta function # ;% & Theorem 7.1.3
(2) BB EIWeH > ASTT i f 4o
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Section 7-6 Systems of Linear Differential

Equations
Chapter 7 s * 42

Lkl BRI enR RR 0 - 5§ Section 4-8 1 IRLiE

7-6-1 ¥ hb|F

490




7-6-2 § BB i)+

- Ldlait)ﬂsz _E(1)

< %:iZR
=i, 4+,
=10
(¢ 2,3 B73F)
i1:i2+%q3—| +%RCi2

di, (t) .
{L ai)HZRZ:E(t)
d
RCdt' +| | =0
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di(t) .o _
L= +i,R, = E(t)
chti2+i2—i1=0
Example 2 (text page 297)
E®)=60V, L=1h, R=50Q, C=104f, i,(t)=1i,(t)=0
diait) +50i, = 60 { s1,(s) +501,(5)=80  ........ (1)
0.0053,[i2+i2 —i, =0 —Il(S)+(O.OO5S+1)|2(S):O e (34 2)
(1) x1+(;Y2)xs

(0.005s* +5+50)1,(s) = 650 (s? +200s +10000)1, () = 12200
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(s)= 12000 _6/5_ 120 _ 6/5
227 5(s+100)2 S (s+100)° s+100

Y 3 ° \ - b P
Z’; Jﬁ3 A —3-—&\_"]{;1_,&# ::l!l f)

(1) = & ~120t6 7" - e
A~ |2(S):6/5_ 120 = 6/5 19N ;\: (1)

s (s+100)> s+100

_60_60, 6000 60
h{)=75 T (5+100)2  s+100

6000 60
[.(S)= +
1(5) s(s+100)*  s(s+100)
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= +
s(s+100)° s(s+100) s (s+100)°

1, (s) = 6000 60 a_ b+c(s+100)

6

5

_ 6000 . 60
(s+100)° (s+100)

b 60500 N 60(s JsrlOO)

=—60

s=-100

_d (6000 N 60(s +100))
S

_ 6000 _ 6000 __6

2 2 5

s=—100 S S s=-100

|(S):6/5_ 60 _ 6/5
. s (s+100)> s+100

'1 () 6 _ G0te 100t _ g o100t

U'I
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7-6-3 Double Pendulum (X #) 6]+

{1

m

{2

I S

me

81

(m, + m )20 +m, L&, + (m, +m,)lgd, =0

2" "
m,1;6; +m,l1,6"+m,l,96, =0
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(m, + m )8+ m L&} + (m, +m,)l,gd, =0
m 1267 + m L 1L6"+m,l,g8, =0
Example 3 (text page 298)
m=3m,=11=1,=16, 6,(0)=1, 60) =-1,
7,(0)=0, ,(0)=0

10246/ + 2560! + 6490, =0 —— 160/+ 46, + g6, =0

2560, + 2560, +1696, =0 160/+166; + g0, =0
Laplace

165D, (s)+45°D, (s)+ gD, () =165 —4s =125
165°®, (5)+165°D, (s)+ gd,(s)=165-165=0
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(16 + g)®, (S)+4s°D,(5)=125 ...ceennnenne, 1)
165°®, (s)+(168° + g)D,(S) =0  «rrererrrrnnn. +2)
(5%1) x (1682 + g) — (5% 2) x 4s?

[(16s” + g)° —64s*]d, (5) =125(165° + g)
[192s* +32s%g + g°]D, (5) =125(165° + Q)

12s(16s” + g) 192s° +12gs as+b . cs+d
1(3): 4 2 2~ 2 2 = 2 T o2
192" +32s°g+9° (24s°+9g)(8s°+Qg) 24s°+g 8s°+g

(8a+24c)s® + (8b+24d)s” + (a+c)gs+bg + dg =192s° +12gs

{Ba +24c =192

a=6 {8b+24b=0 {bzo
a+c=12

= {c=6 b+d=0 d=0
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65 6s 6 S 6___s
D, (s)= = 8
1(8) 2052 +q  B8s’+q 2452+ (qg/24) 85 +(g/8)

6,(t) = 1cos£\/§tj + 3cos(\/atj

4 2\/6 4 2\/5
12s(16s° + @) o ‘
1(s) 192s* +32s%g + g2 ' (542)
16s° 192s° as+b | cs+d
D, (S)=-— D.(S)=— £ +
2 (8) 16s? + @ 1(s) (24s* + g)(8s*+q) 24s*+g 8s*+g

b=0

912 80 + 24b = 0
d=0

b+d=0 — {

8a+24c =-192
a+c=0
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D,(s)= 12s 12s _ 12 S _12 S
’ 245 +q 8s°+qg 24s*+(g/24) 8 s°+(g/8)

TREERERE)
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764 j‘kkﬁ-g/i'&mih%

1) & g 57 Bs
(2 &R EW > fe N enPly 2 2
R)7&8Y »H3 3 Mg | @ity ok
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Review of Chapter 7

(1) Laplace transform z_z

F(s)=[ e f(t)dt

Inverse Laplace transform

If f()—2% 5F(s) andf(t) is piecewise continuous

then F(s)—mese Loplace o ¢ () of exponential order

(2) 7 = transform pairs

(7 -2 page 413)
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transform pairs 47 -

f(t) F(s)
tsin(kt) c
tcos(kt) R
tsinh(kt) ook
tcosh(kt) SR
u(t-a) e ®/s
S(t) 1
0 1 0 e—as _ e—bs
a b S
1
| f (1) = f (t+2a) sLte™)
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(3) 7 ~ properties

Input

Laplace transform

(1) Differentiation (Sec 7-2)

S"F(s)—s" f(0)—s"*f'(0)—-----

() ~sf "2 (0)- £ (0)
(2) Multiplication by t (Sec7-4) T

tf (t) (=" F(s)
3) Integration (Sec 7-4
(3) gt lon ( ) F(s)

.[o f(r)dz TS
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input Laplace transform
(4) Multlpllztatlon by exp (Sec7-3) F(s—a)

e f (1)
(5.1) Translation (Sec 7-3) e *F(s)

f(t-a)u(t—a)

(5.2) Translation (Sec 7-3)
g(t)u(t-a)

e *L{g(t+a)}

(6) Convolution (Sec 7-4)

[, f(a(t-r)dz F(s)G(s)
(7) Periodic Input (Sec 7-4) 1_ST Te‘Stf (t)dt
f(t) = f(t + T) 1—e T Jo
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Properties 4 ~c

Input Laplace transform
Scaling
F
f(t/ a) aF(as)
Multiple Integrations F(s)
t e7, T3 (*Tp
J ] )] f (r)dede, - d7, d7, s"

Integration for s
f(t) /t




(@) f B E

& 3N & {2 (see pages 432-437)

Initial conditions (see pages 445, 446)

(5) Delta function e < 4 &

Pages 484, 485
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(6) General solutions

Laplace transform 7 general solution - ¥ 12 * jnitial conditions * % -+ o

b+ fr(t)-4f(t)=0 * Sec. 4-3 1 f (t) - (';1e2t +Cze‘2t

Ny n
= oE g7

* Laplace transform :
s’F(s)—sf (0)— f'(0)—4F(s)=0

Fo- 0 Ot 8 12,

f(t)=f (0)cosh2t+ f éo)sinh 2t
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F Section 4-3 1ji2 3 4p - B

(-2 (o): (0) e, 2f (O)Z (0),«  f(0)=cc,

f'(0)=2c,—2c,
# f(0)=c+c, f'(0)=2c,—2c,

f(t)=ce™ +ce™



Exercise for Practice

Sec. 7-1: 5,8,9, 18, 32, 33, 38, 41, 46, 48

Sec. 7-2: 11, 20, 23, 27, 30, 36, 37, 41, 42, 43

Sec. 7-3: 10, 16, 19, 20, 24, 34, 44, 56, 62, 70, 74, 83
Sec. 7-4: 8, 13, 25, 28, 30, 43, 52, 53, 54, 59, 61

Sec. 7-5: 5,8,11,12, 15

Sec. 7-6: 8,11, 12, 14, 15

Review 7: 12,24, 25, 29, 36, 37, 40, 41, 42



419

419

Hz 48~ F TRIAEN 7235 K

Rz d 18 Fe1i 720 K

Rzd 8 61 ms 72 R

R 848 3014 72 K
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455

KR B

(OO

BY NC SA

oS0

T/ kiR

=388 5149 72 ke

DEER EF S EN R

Rzd 8 61 ms 72 R

CGEES R IR LR
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456

458

458

(a) f(t), t=0

I S

(b) f(t-a)u(t-a)

Hz 48~ F TRIAEN 7235 K

Rz d 18 Fe1i 720 K

M d 48 T 140 0 Es K

Radd <8 TH1E% 72 K
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