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Chapter 6 Series Solutions of Linear Equations
B3k DE = solutions % polynomial 73] i
(4= Cauchy-Euler Method 1z % Taylor Series L4 4P iT)

:ch X=X, )"
n=0

A FL 1% 5 power series centered at X,

X, IS @ non-singular point (Sec. 6-1)

— regqular singular point (Sec. 6-2)

X, IS @ singular point —

Irregular singular point

(Sec. 6-3): examples 339



Section 6-1 Solutions about Ordinary Points
Riss 3o 0en)
6-1-1 = ;% 3§ * #35

(1) Linear
a,(x)y"™ +a, () y" P e +8,(X) Y +a,(x)y=9(x)

(2) X, 1s not a singular point

(3) It is better that a,(x), a,(x), -..., a,(x), g(x) are all polynomials.

(or expressed as a Taylor series)
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6-1-2 f2i% inde

Step 1 #- y(x Zc (X=%,)" & » (X, % Z % ordinary point)

n=0 ]‘

Step 2 ¥4 (- =%+ X9 # &_singular point £
T % ordinary point

Step3 & &
Step 4 v+ 4 fhdc » #-c, 2 B el R4S 0k

Step 5 Obtained independent solutions and general solution
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6-1-3 B+

Example 3 (text page 224)
y'+xy=0

Set y(x)=Y c,x" since P(x) =0 and Q(x) = x are analytic at 0
n=0

o0

Stepl  y"+xy=> c,n(n-1)x"“+x> ¢, x"=0
n=2

n=0

o0

icnn(n ~Dx"2+ > e, X" =0
n=2

n=0
setk:nz/ &etk:n+1

Step2 #t% Y ¢, (k+2)(k+D)x +) ¢ x =0
k=0 k=1
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D Ca (k+2)(k+D)x" +> ¢ x =0
k=0 k=1

Step3 2¢, + Y [y, (k+2)(k+D) +c I =0

Step 4

k=1
2¢c,=0
c,=0

£

Cp(kK+2)(k+1)+c, , =0

_Ck—l

C =
2 (k+2)(k+1)
recurrence relation

CO
k=1 &=733
Cl
k=2 C="34



2 = (4 2) (k +1)

_Ck—l

C :_C3: Co
° 5.6 2-3-5-6
C. = — C _ C,
! 6-7 3-4-6-7
Cq —7C—.58:O
Co= 6 — %
° 8.9 2-3-5-6-8-9

k=8 Co=g —ngp

=8 07910 346791
—C

k=9 Cu=1517=0

FoE Ak (e & e & oT)
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Step 5
6 9

_ X X
ZCX C[ 2.372.3.5.6 2.3.5.6.8.9 ] Y1

4 7 10

X x" ) S
+°1[X 3.473.4.6.7 3.4.6.7.910 }Y2
y(X)=COy1(X)+Cly2(X)

_ (-D)* 3K
) =142 5 5 B -D(3K)

. (_1) 3k+1
X=X 23 4 (3K +D)
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Example 4 (text page 226)
(xX*+1)y"+xy'—y=0 y(x)=

Radius of convergence?
Stepl (e +1)in(n—1)cnx”‘2+x2n X" Zc X" =
n=1
> n(n-1 cnx”+in n—1)c +Zn cx" —Zcx =

n=2 n=2
_ k=n
E?UEp 9 \I(:: N \l(:: n—2 ‘\ k=n \\\\\

S k(K —1)e X + 5 (Kt 2)(k+1)c X+ S ke x* =S e x* =0
k k+2 k k
k=0 k=1 k=0
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c x" (analytic at x = 0)
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D k(k=1)cx + > (k+2)(k+1)c,x + D> kex =D ¢ x =0
k=2 k=0 k=1 k=0
Step 3
2¢, —C, +(6c,+C, —C )X
k=0 k=1
+> [k(k-1)c, +(k+2)(k+1)c,,, + ke, —c, Ix =0
k=2

2¢, —Cy +6c,x+ Y [(k+1)(k -1)c, +(k+2)(k +1)c,,,]x" =0
k=2

Step 4

2¢, —¢,=0 6¢,=0 C,.,=— % C,
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Ck+2:]k-:_k2k
gz—%%z
_ 5. _ 35
%= 8% " 72.4.6.8
%:—8@=
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Step 5

4

Ny x> __x* _ 3x® _3.5x’_ 3-5-7x”
= 2,5 _CO[“Z 2221 2231 2841 255 e

y(X) = oy, (X) + €y, (X) Vi

_11-3-5--'(2n—3)X2n
2"n!

yl(x):1+%x2+2(—1)” IX| <1 (Why?)
n=2

Y, (X)=X
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Example 6 (text page 228)
y"+(cosx)y=0

2 4 6
_ X X X
COSX—l_ 2!+4!—6! ---------
— _l 2 L 4— ......... = _l 3 1 5_ .........
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6-1-4 £ & T &

N
1. Convergence:  |im ch(X—Xo)n exists
=0

N —o0

Bl3& 2 72 ¢ Ratio test (test for convergence)

L <1: converge L >1: diverge

Cn+1 ( X— XO )n+l

L=1: % - =

2. Radius of Convergence R

L<1if|x—Xy <R L>1 if[x—%x,|>R
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3. Analytic at x,: If the radius of convergence is nonzero

i e g7 f(X) Xy _F % analytic = 2
(1) f(x,) should be neither co nor —oo

(2) fM(x,) should be neither oo nor —o
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e For the 2" order linear DE
a,(X)y"+a,(X) Y +3,(x)y=0 — y"+P(x)y'+Q(x)y=0
Definition 6.1

X IS an

ordinary point

analyticat x,

Otherwise, X, IS &
Theorem 6.

of the 2"d order linear DE if both P(x) and Q(x) are

singular point|.

1

If X, is an ordinary point of the 2" order linear DE, then we can

find|two linearly independent solutions in the form of a power series

centered at X, , I.e.,

y

(=3¢, (x=x%)

n=0
353



e For the k" order linear DE

a (x) Yy +a ()" 4o +a,(X)y' +a,(x)y=0

__________________________

— y(k)+Pk—1(X)y(k_l)+ """ +R(X)y' +R(x)y=0 | a, (X)
P (x)=-"2-4

Extension of Definition 6.1 o an(x)
X, is an ordinary point of the k™ order linear DE if P,(x), P,(x),
Po(X), ceennnen. , P, (x), are analytic at x,

Otherwise, X, Is a singular point .
Extension of Theorem 6.1

If X, is an ordinary point of the nt order linear DE, then we can find n
linearly independent solutions in the form of a power series centered at X, |,

¥(6) = 36, (=)
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6-1-5 &%

(1) %+** nonhomogeneous 3

a, (x)y™ (x)+a,, (x)y"™ (x)
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6-1-6 Interval of Convergence en| &5 ;&

n+1(X B XO)nJrl
o (X~ %,)"

HEgr3 k- B2 lim
N—o0

i L AE

(fpeid > e 7 &

P erfcacihbe Bl g TR artack Bl )
X=X <R

<1 rﬂzu— i+

H Y R E X, drd 17 rsingular point sjE 3
0

Singular point can be a complex number , see the example

In 4
Page 345 AT B B 4 [l A % 3 & convergence
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6-1-7 & & F LR e 3

(1) &7 /25%B£=2 2 % (a)convergence, (b) radius of convergence,
(c) analytic at x,, (d) singular point, (e) ordinary point
(2) 48 ¥ — T & & function =~ Taylor series (4v 4 F )
(3) Index s > 3+ 5 & ]
(@ gmit S xk g &£ - (D) FHAT L PR
(C) Index ¥t &5 & /]
(4) n*" order linear DE & 3 n i linearly independent

(5) # FF& ¥ g interval of convergence
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"+ * Taylor series

2 3

eX :1_|_l_|_x_+x__|_ .........

1 2t 3!

3 5

sinx=x_X_+X__ .........

31 5!

2 4 6

_ X X X
cosx=1- o1 4+ 4 _ TR B (




Section 6-2 Solutions about Singular Points

y® 4P (X)y D 4o +B(X)y'+PB,(x)y=0

Bk e y(x)=D 0 (x=%)"

6-2-1 = i if * 35

(1) Linear
(2) (X Xg)Pp_y (X), (X —X0)?P1y (X), veveeinnnnnny (X—X0)"1P(X),
(X =X0)"Py(x) are analytic at x,
(+b g 0 Section 6-1 & P (X), Py (X)), cevenennnnn, ,
P,(x), Py(x) are analytic at x,)

(3) It is better that Py(x), P,(X), ...., P,.1(x) are all polynomials.
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6-2-2 T_&

Singular Points %~ = = f&
o If X4 is a singular point but (X —X,)P,_; (X), (X —Xg)?P,_, (X),

............. , (X =Xg)"TP(X), (X —Xo)"Po(x) are analytic at x,

X, - regular singular point

o |f (X _XO)Pn—l (X), (X _XO)ZPn—z (X)’ """"""" ’ (X _Xo)n_lpl(x)’

(X —Xo)"Py(x) are not analytic at x,

Xy - Irregular singular point
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Example 1 (text page 232)
(X —4)*y"+3(x-2)y'+5y =0

. 3 ) 5
P = a2 T 2y

X=2 Isa point

X=-21sa point
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6-2-3 f&i2

f& 2 e 4
BiEs Y= (x=%)"
n=0

Theorem 6.2 Frobenius’ Theorem

% X, %_linear DE § ¢ - i regular smgular point

A iz % linear DE % ")”ﬁ - f[#ﬁq:q,\ y ZC X — X +r m.jtnl

A
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Process

Step1 #-  y(X ZC (x—x, '~

Step 2 Power 7
Step3 & &

Stepd & i r
Step 5 vt #& T dic 0 H-c, 2 B R 45 K

Step 6 :ié@Step4 @ der i~ Step 5
“r3 fhindependent solutions 2 general solution

Step7 (2L isF)
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(Step 7)

s (Dry £
(2) & rePfR2 Fend G B #co P Step 6 7k enfz A 4
independent =

IP(x)dx
P O0= RO O e it 0
1

(%= Section 6-2 =7 Examples 4, 5)

2 B end 5 > 8 Step6 8 kenfz i independent pF o

>N o=
—
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6-2-4 % &)

Example 2 (text page 234)

3xy"+y'-y=0

Step 1 #-

Step 2 Power #f74

v

_ Z Can+r
n=0

3) c,(n+r)(n+r-Dx" 4+ > ¢ (n+r)x"""
n=0 n=0

Kk=n

v

k=n

3) C(k+r)(k+r=D)x""+> ¢ (kK+r)x
=0 =y

. i Can+r _
n=0

n=k—-1
k n+1

k+r 1
ch K}
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Step3 &£ &

[3c,r(r =1)+cor X+ > [3c (k+r)(k+r =) +c (k+r)—c X" =0

k=1
Stepd & dir
3ar(r—-1)+r=0 3r’—2r=0 r(3r-2)=0
r=0 or 2/3
Step 5
3 (k+r)k+r-1)+c (k+r)-c,_, =0
C, 1

" (k+ 1)@k +3r—2)
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_ 1
%7 (k+r)(3k +3r—2) *

Step 6
¥ r= — ¥ r=2/3
¥ r=0 |[c k(3K -2) ﬁv
C0

Clzﬁ

C. = Cl —

224 21-4

C, = C2 _ C0

3 3.7 31-4.7

C = C3 _ CO

4 4.10 41-4.7-10

C, = %

nnll-4.7-..... (3n-2)

1
(3k + 2)k

Cy = Cva

— Cl _ CO

~8.2 2158

— C2 _ CO
~11.37 315.8.11

— C3 _ CO
~14.4 415.8.11-14

C,

Cs

Cy

C

" n15-8-11-+--(3n+2)
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Solution of Example 2 (%] & 7 #-518 efz g )

y= Clyl +C2y2

yl(x):XO|:1+;n!1.4.7..:.L...(3n_2) Xn}
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Examples 4,5 (text pages 237, 238)
xy"+y=0

Stepl #  y(X Zcx LN

dc,(n+r)(n+r-)x" 4> ¢ x"" =0
n=0 n=0

Step 2 ¥+ n=k n=k-1
ch(k POk 4T — 1)) £+ 6 Xt =0
k=1
Step3 & &

Cor(r=1)x ™+ > [e (k+r)(K+r-1)+c X" =0
k=1
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Step4 r(r-1)=0
r=0 or 1

Stepd ¢, =- G
(K+r)(k+r-1)

Step 6 % r=1 Ck — _ (kC—:(__]]:)k

n Co
& =D (n+1)!n!

{Hznl(n +1)!

Zn'(n +1)I X

n=0

dgh

o0

2

(-1)"

ni(n+1)!

g

370



________________________________________

EM%’

7% +345 Step 3 > o
c(k+r)k+r-1)+c,_,=c,-0+c,=0
(k=1,r=0 1t »)

C,=— = & =
3 2.3 1.2.2.3 C”_(n—l)!~n! s

_ 0 > ()™ )" n_ < (D"
_X{)anz:(n—l)!n' } Z(n 1)|n' _Zm!(m+1)!
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=B Ry, (x) E3y(X) o

5 ¢t % “reduction of order” 3 ;

e—jp(x)dx

YZ(X)=Y1(X)deX

3
=

£

77

A
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—Ide

e dx
yz(X)=y1(X)jmd *yl(x)j[x_%xznlzxs_liélxu ...... 12
=y1(x)j X x4+ 5 de_7x + 10" long division

12 72
:yl(x)j:l +)1(+é+%x+ ------ }dx ks
=0 =X xR e L e Ik ?
=y, (X)Inx+ yl(x)[—%+172x+11494x2+ ------ }

_ B Y VT RV S
_yl(x)lnx+[ 1=5X+5X+ }
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6-2-5 % ® N ihk g2
1
3) [

2 3 4 5
@+ B x = T 1 5 79

1 5 _1 .. 1
Lo » j L 1 5 _1
12 72

12 72

21 g
oo

([ _ 7 35 _49
12 12 144 864
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6-2-6 Indicial Equation

2nd order case Y'+P(X)y'+Q(x)y=0

If X, Is a regular singular point l
2. ,m

(X=%) Y +(X=X)p(X)y'+a(x)y=0
q(x)=(x—%)’Q(x)

where p(x)=(x—x,)P(x)
d 3+ p(x) f= q(x) ¥ & analytic

p(x):ao+a1(x—x0)+a2(x—x0)2+

q(X)zbO+b1(X—X0)+b2(X—X0)2+

(X)= 36 (x=%)"| V()= 2 e (n+ 1) (x-

XO )n+r—l,

y"(X)= icn(n +r)(n+r-1)(x- xo)””_z,

n=0
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#-y(x), Y'(X), y'(X), p(x), q(x) i »
(X=%)2Y"+(X=X%)p(X)y' +q(x)y=0

icn(n +r)(N+r=1)(x=%,)"

n=0

e 0]

+(ao+ai(X—XO)+a2(X—XO)2+ ......... )ch(n+r)(x_xo)n+r

0

+(b0+b1(x—x0)+b2(x—x0)2+ --------- )ch(x—xo)"”:o

n=0

H P (x—X,)" = coefficient
c,r (r—1) +c,a,r +c,b,

r(r-1)+a,r +b, =0—— indicial equation
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y<x>=§cn<x—xo>“”

# linear DE % 2"order pF > r ¥ 12 d |r(r—1)+a,r+b, =0
H ¢

T

3 =Pp(Xo) | P(X)=(x=%)P(x) Y"+P(x)y'+Q(x)y=0
by =0d(X0) | q(x)=(x—%,)’Q(x)
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For the 2" order case
r(r-1)+a,r+b,=0 tworoots: r,r,

(Casel) ry=r, andry, r,arereal, r,—r, = integer
wg e e Y(0=D6(x=x)"" iR
n=0
(Case 2) ry#r, and ry, r,arereal, r,—r; = integer
- B e V(X ZC (x=%)""
Y- BEAY, (X) = CY1(X)In X+ ibn (X_ Xo)n+r2
n=0

CH %0 (frcaseltplr)
T2 50

378



(Case 3) r; =1, p=
yl(x):ni;cn(x—xo)n+rl
yz(x):Cyl(x)lnx+ibn(x—xo)n+r2 C-%%5%0
&g yz(x):yl(x)lnx+§:nt'5(:,(X—xo)n+r2 b,=b,/C
n=0
(Case 4) r, #r,and r, r, are complex
EL SIS
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6-2-7 Indicial Equation for Higher Order Case (4" >v)

%+ linear DE % n® order p&
y(n)+|:)n_1(x)y(n—1)+ ...... +Pl(X)Y'+PO(X)y=O

Y(X)=2 C(x=%)""  §¢ v
n=0

r! r! r! r!

—(r—n)!+a”—1’0 (r—n+1)!+a”‘2’° (r—n+2)!+ ...... ntatl’(,m+a0,0 =0
F
o A 0 = Py (Xo)v Py (Xo) = (X_ Xo)n_k Pk (Xo)

k=0,1,2,.....n—1
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6-2-8 & & F &1 e

(1) Index ¥+ &5 & /] o
(£ 7™ 11+ power | bR > E R E AR oK)

(2) & x=0 % regular singular point, 2 x, =0 T ¥

(3) 4% E_C v Gy (5 Gy v G 72 recursive relation
HF 5 e 2 gldc ot d &
(R 4227850

(4) I = 2 5 0 e A (4 page 370)

(5) -« By ke eray,(X) oy, (X) A b #0045 (4o pages 370, 371)

381



(6)%] % 7 HB i mﬁ’é’:”ﬁ%ﬂi
B (s enfid b d1 45 e Tk X

(7) Interval of solution iz X & ¥ R >
¥ interval 7 & 4% = @ singular point >
T ¢ §_regular singular point

(8) ¢ “,/T‘ pE

382



Section 6-3 Special Functions

Special cases of Sections 6-1 and 6-2

e Bessel’s equation of order v

XY+ xy' +(x*=v?)y=0  Solution: ¢,J,(x)+c,Y,(x)

n=0 " "°

o0 __1\Nn 2n+v
J,(x)=)] T 1) (%) : 15t kind Bessel function
(

: 2Md kind Bessel function

~cosvrd, (x)—=J_,(x)
Y (x)= sinvz

e L_egendre’s equation of order n

(L1—x*)y"—=2xy’+n(n+1)y =0

One of the solution: Legendre polynomials (See page 399) .



S
His r RF

- Gamma function ~ [(x)= [ t“%edt

e modified Bessel equation of order v

XY Hxy = (O +VE)y =0 3 eyl (%) + 6K,()

o modified Bessel equation of the 1stkind I, (x)=i"J,(ix)

_r () =1,(%)

e modified Bessel equation of the 2" kind K, (x)
o Bessel s ¥ — f& % 7
x°y" + (1—2a)xy’ + (b°c*x*° +a° — p“c?)y =0

a2 oy=x [clJ o (bX*) +¢,Y (bx°)]

il i§ i5
2’7272

2 SinVvrx

oooooo

e spherical Bessel functions: J,(x), v =

384



6.3.1 Bessel’s Equation

6.3.1.1 Solving for Bessel’s equation of order v

xzy”+xy’+(x2—v2)y—0
Steps 1~3 #- y(x Zc X" A 5
HiE- B3 B (FEA kA page 241) 2 )

Co(r* =vA)X" +c ((L+r)° —v?)x"™ + Z[ck ((k+r)>=v¥)+c ,]x"™ =0

k=2
Stepd  r*-v*=0 two roots: v and —v
C
Step5 ¢ ((@A+r)>—v*)=0 C k=2

c,=0
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Step6 % r=v G =- s B r=-v R
k(k +2V) " T k(k-2v)

d % ¢, =0, C3=C:=C;,=Cq= ..... =0

Cyp = (—1)" o

an 246 2n-(2+2v)(4+2v)(6+ 2v)------ (2n+2v)

_ (-D"c, -
22" NI+ V) (2 +V)(B+ V) (N+V) whenr =v

Cyp = (~1)" &

an 246000 2n-(2-2v)(4—-2v)(6—2v)------ (2n—2v)

(-1)"c,

T 2 I V)(2=V)(B= V) (N—V) when r = —v
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6.3.1.2 Gamma function: a generalization of n!

C(x)=| tedt
properties of Gamma function

(1) I'(n+1)=n! whennisa positive integer
['(1)=0!=1

(2) T(x+1)=xT(x)

% P 2k & Appendix 1

387



(3) T'(n)—>o whenn is anegative integer or n = 0

(— )=-2Vx

N =

@ (3

6

['(X) .l

|=z

J

Vi

5
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6.3.1.1 = F| Solving for Bessel function

C, = (E1'c whenr=v
221+ V)(2+V)(B+V) - (N4 V)
Set cozvl
2'T(1+vV)
c - (-1)"
224+ v)(2+V)(B+V) - (N4 V)T (L+V)
_ (-1)"
22712+ V)B4V (N+ VT2 + V)
(=1)" F(2+v)=0+v)['(1+V)
2B+ V) (N4 V)T (B+V) [(3+V)=(2+V)[(2+V)
(-1)"

T 22 NIT(n+v+1)
389



ﬁf'
]
=
—_
[
<

(=)’

set ¢C;=

1

C =
22 VpIr(n—v

Two independent solutions of the Bessel’s equation

n+r
wo DG
n=0

+1)

27T (1-V)

(=1)"

Whenr =v

n=0 """

JV(X):inIF(1+v+n)

|

2

2Nn+v
2

(=)’

When r = —v J—V(X):inlr

n=0 """

(1-v+n)

|

2

2n—v
2)

27

FiE Bessel functions of the first kind of order v and —v
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6.3.1.3 Bessel function of the second kind

AR 0 % B roots e E 5 2v
(1) &% 2v #* 5 B #cps > Bessel’s equation (& 9 &

Cl‘Jv(X) + CZ‘J—V(X) (""l ¥ %‘ 7T = Cl‘Jv(X) + CZYV(X))
(2) % 2v & B#Hc> mv=m+1/2(m - B &F#)F > Bessel’s
equation e3f2 7 5 ¢, J,(X) + C,J_,(X) (» ¥ & 7 = ¢ J,(X) +C,Y, (X))

(3) % 2v & F#c> * v & - BAE#HP > Bessel’sequation 1%
Cl'Jv(X) t CZYV(X)
Y,(X): Bessel function of the second kind of order v
(LS F)
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Y,(X): Bessel function of the second kind of order v

_cosvzd, (x)—J_,(X)
Y. (X)= sinvz

MR V() TR S

Y (x)=lim cosw:JV_(x)—J_V(x)
V—>m SINvVr

* L’Hopital’s rule * %

: 0 0
—rsinvzd, (X)+cosvr 2~ J,(X)— % J_, (X
Y, (x)=Ilim (%) ov (x) ov (x)

v—m 7T COSVr
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6.3.1.4 Bessel function of the 15t kind (order m = A% #cps) e 57

(1)J,0)=1, J.(0)=0 form=0
(2) Zero crossing == % » SE%E m # 4e @ 4% k4%iE (2 Table 6.3.1)

Y

1 T
Jo
0.8-

J1
0.6-
0.4

0.2+

’ ~
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3) I, (=x)=(=D"J, (x) when m is an integer

(4)
()
(6)

J_n(x)=(-D"J,(x) when m is an integer

d

dx
d

dx

:x‘VJV(x)] =—x"J,.,(X) .
. Example 5, text page 246

)3,00]=x9,,00



6.3.1.5 Bessel function of the 2" kind (order m 5 % #cpF) i 5

1) limY_(x)=-
( ) x—0 m( ) *
(2) Zerocrossing e % o KEF M M Sv @ AR R AXR

Y4

0.5+

0

-0.5-
s
-1.5

2+

&80 -

395


http://creativecommons.org/licenses/by-nc-sa/3.0/tw/legalcode�

6.3.1.6 Bessel’s equation =%

X2y +xy' +(x* =v?)y=0 f# 0 cJ,(X) + ¢,V (%)

(A) X2y"+xy' +(a’x* —v?)y=0  jz:cd(aX) +c,Y,(aX)
Proof: Sett= ax

dy _dedy_ dy
dx dxdt dt

o dy _dtd(dy)_
Similarly, dx? ~ dx dt\ dx

hale A d +(a —Vv?)y
27 dt? et dt a’
2(;Z+t+(t —VA)y = 0 — %t @ 2 §_Bessel equation

y = Cl‘Jv(t) + CZYv(t) = Cl‘]v(a X) + C2Yv(a X)
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(B) modified Bessel equation of order v
X°y"+xy' = (X +v*)y =0 B7  cil(X) + K (X)

A¢ 1, (x)=1"J,(ix) # =2 modified Bessel function of the
first kind of order v

K, (x) _7 ()= 1,(x) F- 17 £_modified Bessel function of the

2 sinvr second kind of order v

PV R EHPE > 5 F P limit
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(C) [x*y"+(@-2a)xy + (b’c’x* +a’ — p’c’)y =0

7 y =x° [clJ N(OQEIAS (bXC)]

O3

\&

AR T LE K RSE S L b Rt

Example 3 (text page 244)
xy"+3y'+9y =0

l

X°y" +3xy’+9xy =0
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6.3.1.7 Spherical Bessel Functions

X) % v=+l £3 42 ... % > 415 % spherical Bessel functions
272 "
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6.3.2 Legendre’s Equation

6.3.2.1 Legendre’s Equation

(1-x*)y"=2xy’+n(n+1)y=0
=§:ckxk o s B (A7 R 2k 7 pages 248, 249)

= 1 linearly independent 3% 4 %|

yl(x)=co[1—”(”2,+1) U 2>n(rl“+1)(n+3) :

_(=H(n=-2n(n+H(N+3)(n+5) .o }
6I

yz(x):c[x (n- 1)3('n+2) 3, (n=3)(n— 1)5(|n+2)(n+4) -

_(0=5)(n-3)(n-H(n+2)(n+4)(n+6) 7 }
71
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(a) When n is not an integer, both the two solutions have infinite number
of terms.

(b) When n is an even integer, y,(x) has finite number of terms.
In y,(x), the coefficient of x¥ is zero when k > n.
(c) When n is an odd integer, y,(x) has finite number of terms.

In y,(x), the coefficient of x¥ is zero when k > n.

y,(X) when n is an even integer and y,(x) when n is an odd integer are called
the Legendre polynomials(denoted by P, (x)).
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n/21.3 ...... n_l
CO:(_l) 24(n )

GE P,(1) - &% 1)

2 Y;(X)
P (x)=1

P, (x) (3)(2 —1)

Py (x)

O N

(35x* —30x +3)

_(_n\(D/2 1.3--.-.. n
Cl_( 1) 2.4...... (n_l)

7 Y,(X)
P(x)=x

(
Py (x)= l(5X3 = 3x)
(

2

Py(x) = §(63x° - 70x° +15x)
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Legendre polynomials

T T Y T
1} =
P1
o \\ P2
i
0 %%
05 y / “‘
1
05 0 0.5

X

Interval:

X e[-1,1]
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6.3.2.2 Properties of Legendre Polynomials

(1) P,(=x)=(-1)"P,(x) even/odd symmetry
(2) P,(1)=1 P (-1)=(-2)"

3) P,(0)=0  whennis odd

(4) P, (0)=0  whennis even

(5) (n+)P,,,(x)—(2n+1)xP,(x)+nP,_,(x)=0 recursive relation

1 d" (2 1) - :
(6) P”(X)_Z”n!dx“(x 1)’ Rodrigues’ formula
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(7) '[ (x)dx=0  Ifm=n orthogonality property

B) Fiziw fx e [~1,1] % R 5 continuous 7 3% f(x)

l«b—F‘;

B

f(x) (x)
d 2 _[f(x d#ZaIP d#a_[P ()P (x)d

%’w; orthogonality property

v
=

o

Il
MS =
Q

SU

n

>
Il
o

()P, (x)dx
jP ()P, (x)d

Srrlooa, =

Orthogonality property 4 %_Legendre polynomials & & & & &7
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6.3.2.3 4 L : H & ¥ & & orthogonal polynomial

 Chebychev polynomials & + & Fv filter design % *
Solutionsof ~ (1—Xx*)Py(x)—xP,(x)+nP, (x)=0

Jll\/l—%—x; P (x)P,(x)dx=0
P, (cos@)=C,cosnd
e Hermite polynomials TR~ R E S AF AR
Solutionsof ~ P’(x)—xP! (x)+n  Px)=0

j e P (x)dx =0
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6.3.3 Section 6-3 & & JL § e 3 ¢

DA HE > w2 s BF g4 3
HE&Ea BT

(2) £ 7 % Gamma function
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Review of Chapter 6
iz * = © Linear DE » = coefficients &4+ 5 polynomials
y(n)+pn_1(x)y(”—1)+ ...... + Pl(x)y’+ Po(x)y:O
P, (X) % X =X, FF 5 analytic
X, = ordinary point Y(X)=Z‘,Cn(><—><o)n o
P.(X) %= X=X, FF % % analytic
e K(x Xo )" ™P(X) X=X, ¥ 5 analytic
X, % regular singular point y(x):ZCn(x—xo)n+r BN

TR V- iR Cy,(X)Inx+> b, (x=%)""
n=0
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Exercise for practice

Sec. 6-1: 2, 3,10, 14, 16, 23, 28, 30, 33, 36
Sec. 6-2: 4,9, 13, 22, 28, 29, 31, 33, 36
Sec. 6-3: 3,9, 25, 27, 29, 37, 46, 47
Review 6 7,10, 14, 19, 20, 22
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402

SEES AR R TR

CEE S AR A R

Rzd 8 61 ms 72 R

CEE AT B R LR
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