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Chapter 8 Systems of Linear First-Order
Differential Equations

V- fafE T Em s AR ) en R

(1) Section 4.8: C?tl:(y(t) Dky(t)

(2) Chapter 7: ;I'[I:<y(t) — kY (S) — Sk_ly(O)— Sk_zy'(O)_ ...... _ y(k—l) (O)

(3) Chapter 8:  Using matrix operations

AT EEI IR
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A 123
(1) 2 3487 2 87 i * *% linear & constant coefficients 52
:x @ H 4 Laplace transform ¥ * % f% nonlinear & non-constant

coefficient DEs, e :E #2147 5 4F 52

(2) Laplace transform =1 ;2 &% Section 4-8 17 & e = >

a3 g & oenfg - initial condition =R 38

i* & @ e £_» % boundary conditions # E_f t=0 g 3 > ¥
Laplace transform & & 7=—- §# % o

512



Chapter 8 e ;2 ¥ 14 g > 1storder B > picd = 28 cuf B §

fe 2nd order 1 + & @ +* Laplace transform A g
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Section 8.1 Preliminary Theory

- R el X 1
(@) linear,
(b) 1%t order DEs
(c) full rank (n # dependent variable & & n & ;% %)
X
linear system (pp. 514) homogeneous, nonhomogeneous (pp. 515)
solution vector (pp. 515)  fundamental set of solutions (pp. 519)
general solution (pp. 519) complementary function (pp. 523)

particular solution (pp. 523)

* &8 ¥ 3 Jr Section 4-1 4p v &
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8-1-1 %c"l'/;«"ff'r'?"

B3X 3 n B dependent variables x,(t), X,(t), ....... , Xq(1),

niBr 3 $4H° ~ dependent variable % ji&~ = linear DES

8 ()= 0y (1)% () + 4 (1) X (0) 0+ 2, (£)%, (O + £ (1)

Ccijtxz (t) =dy (t)xl(t)+ CPY! (t)X2 (t)+ """ It & (t)Xn (t)+ T2 (t)

0 () = B (1) () + 80 (6)% (1) - 2 ()%, (0)+ T, (1)

A 1% linear system
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Matrix form of a linear system

X' = AX+F
%)
(0

X=| : A=
0.

solution vector

[, (t)
ay (1)

2,0

f.(t) =0 foralln — homogeneous linear system
otherwise —— nonhomogeneous linear system

a,(t)
8 (1)

0

(1) |
f,(t)

i fn.(t)_
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dx

=X+3y

dt 1 3 X
b T Xk X
d>t/=5x+3y ¥ E = y

Example 2 (text page 306)
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If X, (tp) =1y, Xo(ty) =1y cevennnnnn , X (L) =1,

linear system ¥ § =

X'=AX+F  subjectto  X(t,)=X,
()" |
X, (1) "2
X(to) = : %o =] 3

_Xn(to)_ _rn_
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8-1-2 & 4 %3¢

#- Section 4-1 =1 B % 32 2 & vector - matrix %) ik

[Theorem 8.1.1] If the entries of A and F are continuous on a
common interval that contains the point t,, then the initial value

problem on the previous page has a unique solution on this interval.

(+* #& Theorem 4.1.1, page 137)

519



[Theorem 8.1.2] For the homogeneous linear system X'=AX (F=0)

If X, X, ...., X are the solution of X'=AX

then X =c¢ X, +C,X, +------ +¢,X, isalsoasolution of X'=AX

[Definition 8.1.3 and Theorem 8.1.5] If the size of Aisn x nand X, X,, ....,
X, are the linearly independent solutions of X'=AX | then X, X,, ...., X,
are said to be a fundamental set of solutions.

Then, the general solution of X' = AX IS

X=C X, +C,X, +---ee- +C, X,

(** #& Theorem 4.1.5, page 144)
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[Theorem 8.1.3] Linearly dependent / independent 2] %= 3t

(A% | | &4 det)

Xll (t)

o (1)

()
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Either W(Xy, X,, ...., X)) #0 foreveryt — . |inearly independent

or W(Xy, X,, ..., X)) =0 > dependent

(+* # Wronskian, page 147)



Example 4 (text page 308)

e—2t 3e6t

—2t+6t 4t
o =8e" =0
_e—2t 566t

W(Xl’XZ):

/

determinant

-\ 1r=3
‘oMl 15
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[Theorem 8.1.6] General solution for nonhomogeneous system

X'=AX+F subjectto  X(t,) =X,

X=X+ X,
= C X +C, X, Heeeeee RV SN AT

X, =C X +CX, 4 e +C, X, # 1% 5 complementary function

X, particular solution

(vt 23 & page 149)
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8-1-3 * § & 1§ e 2

(1) + %A ch% 32 4 Section 4-1 #p 02
(2) ¥ - B3 413 2 B dependent variable ik pF

A it = 3 & page 514 linear system 7] g

525



Section 8.2 Homogeneous Linear Systems

X'=AX

8-2-1 * &% &

(A) 3% g4
3% page 513 » £ 5 1 =

(d) homogeneous
(e) # 4% 4_constant coefficients

526



(B) jzi*
X' = AX size of A:nxn (constant coefficients)

la

2,a

fﬁ?&ﬁgé\ X =| ¢ |ehl =K & a:]., 2,....,n

n,a

H ¢ A, A eigenvalue
K,: A eigenvector (AK, = 1K)

General solution: M 0L & page 530
X =cK.,e" +c,Ke? +c,K,e™ +-.oic K e™

527



(C) = &k
Case 1. A has distinct eigenvalues: j#/2 4oa -
Case 2: A has repeated eigenvalues
% A, vmultiplicities 5 m
Case 2.1 # 235 3 A, <om i linearly independent eigenvectors
[ESEN T
Case 2.2 & ;245 | A, com i linearly independent eigenvectors
% ¥ 3 1 i linearly independent eigenvector » #-f% % 7t =

— At
Xa,l - Ka,le
X,, =K, te™ + K, e™

528



1320 (A-4,)K,, =0
(A-2NK,,=K,,
(A-2K, =K,

(A-2,DK,,, =K

a,m-1

Case 2.3 &% 45 | A, e=»m & linearly independent eigenvectors
% 4248 1 1 linearly independent eigenvector

B oow TR AR R R RRG AR

529



Case3 & A, =a+]f 5 A ceigenvalues, A 5 real matrix
Ay = a— ]~ & A eigenvalues
K, =B;+]B, & A, #7¥ & reigenvector
K,=B,—JB, & & A #“7% & 7 eigenvector
MUPE S T ORI S

X, =[B, cos St —B,sin St]e”
Xs =[
(D) &g & w

multiplicity (pp. 539)

B, cos St + B, sin St]e”
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8-2-2 * 2

X'= AX o
‘kle/lt ] _kl_ kl
kzeM k2 k2
BEES Xx=| 1 |=|: e =Ke" K=
_kne”_ _kn_ _kn_

(f= Section 4-3 #a 12)

[k Ae™ | X'=AX
k,Ae™
Xr = — K/Ie/lt l X
5 Kie™ = AKe™
|k Ae™ | AK =AK
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X'=AX & dEg s AK=AK

(= linear algebra § » f# eigenvector, eigenvalue =7 32 4p =)

532



AK = AK
(A—ADK =0

A #_A feigenvalue

d det(A—-A1)=0 B

(# 1® characteristic equation)

100 - 0
010 - 0
1=/0 0 1 - 0
000 - 1

K &_A = eigenvector

E QBN KL @ E

(A-ADK=0 ==
thiz - 3% L K=0 ez
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Example 1 (text page 313)
dx

=2X+3
dt ! — X =AX X=H A:F 3}

dt_2x+y
2—A A
det(A—-Al) = . /1:/1 —31-4=(1+1)(1-4)=0
A=-1,4
(i) When 4 =-1
k =
(A—/II)K:F 3}{ 1}:0 3k, +3k, =0 = —k,
2 2 k2 2k1+2k2:0

1



(i) When 1 =4

A_ DK = -2 3|k 0 -2k, +3k, =0
(A-ADK=1, K, | 2k, —3k, =0
3
k,=2k,/3 ® k=3, k,=2 K2:{2}
1
X, =Ke'= {_J e X, =K, e" = B} "



trajectory
X A
. 1
: 1
2
‘ ——
A .2/——.21 2 3 t
+ -4
1
—+— ——t— 1°
3 -2 - i 2 3 t @l
QOB
(a) Graph of x = et + 3e*t (b) Graph of x = —e™* + 2e*
Fig. 8.2.1
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8-2-3 Case 1. Distinct Eigenvalues

¥245 eigenvalues > %4 = 3 cases
Case 1: Distinct eigenvalues
Case 2: Repeated eigenvalues

Case 3: Complex eigenvalues

537



Example 2 (text page 314)

Q:—4x+y+z )

dt 4 1 17
(;—¥=x+5y—z A=11 5 -1

0 1 -3
4 i 2 _
i y —32

det(A—Al)=—(1+3)(1+4)(A-5)=0
A=-3,—4,5 (distinct)
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When 4 =-3

(A-ADK, =

3 row: k, =0

When =4, 1=5 (p & R} j#j25)

1

X=¢|0

10
-1
1

ot

539



8-2-4 Case 2: Repeated Eigenvalues

7 FF det(A—Al) ¢ B3 (A— A"
A, 1% eigenvalue of multiplicity m

A-l® ‘18} det(A—A1)=(1+3)
2 9
12 2 2
Al 1 | det(A—al)=—(2+1)*(2-5)
2 2 1

(EFF AR > L s B A& anE g)

—
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Case2.1 % A, omultiplicity = m(m>1) FF > 5
linearly independent eigenvectors = ¥R 45

M % > solutions %% fr Case 1 4p I

I E T M B
Ak o

AR F A=A F A comultiplicity 3 m o - =7 2P I A A HE
& <m & linearly independent eigenvectors

Example 3 (text page 316)

X' = AX
1 -2 27
Al 1 o det(A-Al)=—(1+1)°(1-5)
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k] [2 -2 27k] [0
(A-aDlk, [=|-2 2 -2k, [=]0
k| |2 -2 2] k| |0

row operation  new 2" row = old 2" row + 15t row

new 3 row = old 3" row — 15t row
2 =2 20[k [0
0 0 0fk,|=|0
0 0 0|k | |0

2(k, —k, +k;) =0

3 i# variables,1 # ;% — 3-1=2
2 T linearly independent solutions
542



2(k, —k, +k;)=0 2 & linearly independent solutions

(% - B solution) % k; =0,k,=1 — ky;=1
(% = B solution) % k; =1,k,=0 — ky=—
/ 0 |1 g3 % linearly independent
Check: 1,0 v I Y EI
= A A= —1 FFeheigenvectors
-1

543

£ %2 H s n-1 B unknowns g
¥ {4 — T unknown sig & 41 %
Wo§ ¥ iF 3 - B #7enindependent solution

(e % 3 ePpFiz (¥ 5lenf2 7 5 independent, #7142 & check)




5

()% 4

I Sm
B’

-t

41k e eigenvector

General solution for Example 3:

1|e +c,

e' +c,

544



Case2.2 % A, somultiplicity = m(m>1) FF » 5 cpF iz F

i# linearly independent eigenvector K, -

ReA, PTHE M B fEE T A
— Agt
xa,l - Ka,le
X,, =K te™ +K,, e

2

X3 =Ko & 2 e + K, te™ +K, o™

. m-1 m—2
L oAl pK,, b Ry pK, ek

Xam = Kas 2 (m=2)! am

Kai v - s & AK,, = 4,K, ; 77 eigenvector

(q % 1) 77 ]l\/z ‘Q\_”% F’

i 35
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- p-1 p-2 1
% xa,p jumy K t e/iat + K t /lat doeeenns + K Leiat + Ka,p elat

*(p-1)! 22 (p-2)1° P11 (=12 ..
Xip = 4K, ! p_l)le +(K,, +/IaKa2)( p_'22)| o+ (Ko 2K ) p_';)leﬁat
Foeeees +(Ka,p_2+/1|<ap1) e (K, 4K e
d X' =AX AX—X'=0 q
Wi, AX-X'=0 § ¢ éel""t (q=0,1,...., m—1) e #c ¥
[ (A=A1)K,; =0 4 Ky, &8 K

(A_ﬂ“al ) Ka,2 = Ka,l

+ I
< (A_ﬂ“al)Ka,SzKa,Z ::> ! Ka’2 j\H K

(A=A DK,, =K

a,p-1

Ka’p_l 'T\ :” K

m)

546



X1 (1) 3~ page 316

Kll - K21 - " - Kml
K22 - K32 - " - sz
m3

K33: K43: R - K

2 (A-A)K,,, =K,, &%7F % & linearly independent f#

é,_fé,,fﬁ.ri_n 5T 5 3\ ,]asr' ;F';b'—l*— P ,B;ﬁ;ryp@

(e & ¥ LB ET 3 5 0EE® o deopage 548)



Example 5 (text page 319)

2 1 6
X' = AX A=|0 2 5
0 0 2

det(A-Al)=(2-A1)° eigenvalues: 2, 2, 2
_kl_ 0 1 6__k1_ 02
(A-2D)k, |=|0 0 5k [=|0
_k3_ 0 0 0__k3_ ot |

5k, =0, k,+6k,=0 ——> k,=k;=0

1 1
only one independent solution: H K 1M
0

0
548



0 1 6|[k ] [1
(A-2DK_,=K_, |0 0 5|k,|=|0
0 0 0 k| [0

5k, =0, k,+6k,=1 E#3H ¢ - i solution: Ka.=|1

AR EEE K, R H 8 E s Bid iRl - e
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(0 1 6]k | [O]
(A-2DK,,=K_,, |0 0 5]k,|=|1
0 0 O0]lks] [O]
-0 1
5k, =1, k,+6k,=0 # ¢ — i solution: K_,=|-6/5
1/5

General solution of Example 5

X =cK, e +¢,(K, te* + K, ™) +c (K ISP K, te® +K,.e%)

al 2
(1] (1] 0] (1] (0 0 ]
X=c,|0|e" +c,{|0|te” +|1|e” ++cC,4|0 t22e2t+ 1|te* +| —6/5 [e”
10 10 10 10 10 | 1/5
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Case 2.3 % A, somultiplicity = m(m>1) pF > 5 c9pF i B ag 45 41 2
~m—1 & linearly independent eigenvectors -

» <+ : Section 8-2 Exercises 31 and 50

X' = AX A= det(A—Al)=(2-2)°

O O O o N
O O O N -
o O N O O
O N O O O
N PO O O

three independent solutions:

o O O O K
o O L, O O
ok O O O

551






Set

Set

Ka,l =

Ka,l =

o O O O

o rr O O O

R O O O O

553



General solution for Exercises 31 and 50

1 0 0

2t 2t

2t

e" r+ G4 2t

te? + 2t

© OO r o O o Fr o
]
|
1
]

o r O O O
R, O O O O
¢>]

1
0
+C, 4| 0 |te* +
0
0

[
1
|
1
-
s
[
1
[
1
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8-2-5 Case 3. Complex Conjugated Eigenvalues

# ¢ {r Case 1 (distinct eigenvalues) #p f

v R * 2 e 38 k4 5+ solutions
X' = AX
% la=atjficd, =

® A 5 real matrix

a—|f(a, B & real) ¥ 5 A 7eigenvector

* K, =B, +]B, (B, B, & real)&_A, #7¥ & 51 eigenvector

Pl K, =B, —]B, % & &_A4, #7T¥J& 7 eigenvector

Proof.  AK, =4K, AK, =1K,
AK, = 1K,

AK, =K,
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pLRE o T OB-fRrT Y A

X, =[B, cos ft—B,sin St]e”

X, =[B,cos Bt + B, sin gt]e”

(P 4rfs)

556



c,(B, + jB,)e"“ ' +c (B, - jB,)e
=c,e“ (B, + jB,)(cos Bt + jsin pt) +c.e (B, — jB,)(cos Bt — jsin pt)
=c,e“" (B, cos St —B,sin gt) +c.e*' (jB,sin At + jB, cos St)
+c,e“' (B, cos At —B, sin At) —c.e* (jB,sin St + jB, cos St)
=(c, +¢,)e“" (B, cos St —B,sin gt) + j(c, —c,)e*" (B, sin At + B, cos St)

F1#+ > i linearly independent solutions # :2 g =

X, =[B, cos ft—B,sin St]e”
X, =[B,cos Bt + B, sin gt]e”



Example 6 (text page 322)

¥ ok B %1 2 1% independent solutions

2 2 . 2 2 | .
X, = cos2t—| |sin2t X, =| _|cos2t+ sin 2t
-1 0 0 -1

558



8-2-6 F Fg LB = ek * F2enfiid

m X =—KX +K, (X, —X,)
, ==Ky (X, = %)

f2:2 1 B-FfE % = 1torder DE

, X' = AX
X| = X, [0 0 1 0]
' [ e | 1
X, = X, —> ! ko k f 0
_| 72 —| ™M M 2

= =KX + K, (%, = %) X= X A m m m 00
' X K K

m,X; =—K, (X, —X,) -4 mZZ _rr122 00
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8-2-7 Section 8-2 & 1 §, e 3

(1) = 7% i * 1535 (@) linear, (b) 1%t order DEs, (c) full rank (n i# dependent
varlable & n B ;Y 3), (d) homogeneous, (e) constant coefficients

Q4 TR EE elgenvector SRR
(7 AR Peig i)
(L x E # 21 iz ® - 1 eigenvector & ix ® — % linearly
independent eigenvectors ¥ > FpF UEHE G P @ H o)

() Case 2 L fegg sz » & 5 4R Y

(4) /2 % page 542 35 independent solution =] $ 73

(5) Case 2.2 (A-AN)K,pu=K.p E#H Y - wfzTv (L L& 7 112
iz 3)

560



(6) & o > xrgifi;g X, i@y & 1 (standard form)

dt
MBHERE > 472 §F425
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Section 8.3 Nonhomogeneous Linear Systems

8.3.1 Section 8.3 3 &

A& tdh4c®d X' = AX+F aparticular solution
(# /= 1) undetermined coefficients

3 particular solutions » #g iz Section 4-4

(= ;% 2) variation of parameters - #g iz Section 4-6
X=0Q®OR (1) (1) (t)dt

®(t): fundamental matrix » Z_& % page 570

562



(# ;# 2) variation of parameters - with initial conditions

X'=AX+F X(t) =X,

t

(7)) (r)dr

X(POX@PF(t,) o+ (t)]

[

Z. 2% ¢ fundamental matrix

563



8.3.2 * ;£ — : Undetermined Coefficients

fe Section 4.4 7 % 4p 1Y
X' = AX+F

195 F(t) & "5, particular solution
48 % # & page 191

(1) 1 3m

v

(2) 413 cos(at) —

(3) 13} exp(bt) ——

564



(4) 1 T E

G)FEFHHE?F - BentryF %- 5
f F

' particular solution 2 = & — i entry e Ry is- I8k

particular solution =%] i (& page 5661 &.)
(i&- Z-{r Section 4.4 ' § #7% I)

(6) = homogeneous solution 7 £ HAF > 7 X3kt J katerm » i F
(&L page 568)

(- Zks {-Section4.4 3 7% &)
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Example 3 (text page 328)

% = — -t

dt S5X+3y—-2e +1

W s y+e ' —5t+7

dt

solving the complementary function
ro_ 5 3 \ _
Xc=AX. A= {_1 J eigenvalues of A: 2,4
1
corresponding eigenvectors for A = 2: 1
corresponding eigenvectors for A = 4: 3]
-1

. 1 2t 3 4t
complementary function X.=¢ e” +c, . e
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f% particular solution

* —_'3‘ —y s % ’ J‘}\ /J_‘;’:\ = - _\%‘
*] 3 _e‘t 5.7 T IEGEK particular solution ;

X (1) = ai}{az}{aﬂet: a, +a,t +a,e”
b | | b, b, b, +bt+be™

¢ iR E - Bentry w3 1, t e
From X'= AX+F

a,—ae" _| 5 +3b; + (53, +3b,)t + (5a; + 3b,)e”" . —2e7 +1
b, —be™ —a, +b +(-a, +b)t+(-a, +b,)e” e —5t+7

567



a,—a.e |
b, —bet |

—5a, +a,—3b, =1
5a, +3b, =0
6a, +3b, =2

_35
4=35

x=q|

1

__89
b = 32’

Je” +c{

3

e 4
1

a—-b+b,=7

—ad, ) B
8, — A=l

15
8 ]

35

32
89

32

b,

PV

8

_15

8

25
8

5a, +3b, + (5a, +3b, )t + (53, +3b,)e™
—a, + b1 + (—a2 + bz)t + (—3.3 -+ bs)e_t

t+

-2 +1
_|_
e' —5t+7

568



# “venge &) (Example 1 in text page 327 1% 7))

, 11 -8
X'=AX+F A= F{ }
11 3

A=0,2 eigenvector: L :
=0, g 11l g

b
=
A
=
=y

¢ 1R e

SR e
b,| |a,+b | |a,+b,| | 3
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a,| |a+h t a,+b,| |8
SR

(a, = -8

=3 +h a, —b, =—11 1 11
a,+b,=0 o A

8, +b =3

2 ™ choose a, =0 |, blzg

01 [-11
1 1

ch{ J+C{Je”+ 5 |+ 112
_ MR

~+
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8.3.3.1 = ;% = : Variation of Parameters

Xy (1) |

Xo ()

X(t) =c +C,

. an.(t) _

fundamental matrix
Ot )

X, (1) X, (1)
Xzzz(t) %, .. +c X2”:(t)

_an.(t)_ _Xnn.(t)_
X (1) X () X, () ]

le(t) Xzz(t) in(t)

_an.(t) an.(t) Xnn.(t)_

571



uy(t)
U (t)

soXeE (1) (1) U()-

_un.(t)_

X'= AX +F

X, @U@ (t) (1) (1)

OYt)pgt) ®UA) Kt)=  (t) (t)+ (1)

d A% (1)(t)—f:‘»C % column ik #_associated homogeneous DE %
ohD= (1)

AD)DH) PUA) )= (1) (t)+ (1)

o) ‘(tF= () ugH= (1) ()



uBh= (1) (1)
UF=] () (D)t

X, @UDaE) (t)= (1) (1) ()dt

X(PEO@F + ()] (1) ()t

_Cl_
C,

some constants

| Cn |



Example 4 (text page 331)

X'=AX+F A

[|
|
N oo
|
~ -
1
T
[|
1
(D'L W
1

eigenvaluesof A: 1=-2,-5

: 1 1
eigenvectors of A :
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(I)(t)z{em e } det(@d(t)) = —3e "

e—2t _2e—5t
2 .2t 1.2t
_2eSt  _g bt =€ =€
(Dl(t):dl{ e—zt e—2t }: - :
et(d(t))| —e e 15— Lt
3 <
_ _[2 .2t 185t
x (t)_ e—2t e—5t §e ée 3t dt
p o e—zt _ze—st _[ le5t _le5t ot
B - L3 3
~ -1 f 2t | 1.t 6y 27 1.t
_ e 2t Bt .(2te +3e)dt i 5t 50178
e?t  _9p™t st 1 4t 3y 21, 1.t
B | _[(te 3e )dt 5t 50+2e
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8.3.3.2 4r initial value problems #p % &

X'=AX+F  X(t,)=X,

X(PpEQQF + (t)I S(t) (t)at

PR B = T A 0T R
t

X(@@‘D(HF + (t)LO “(7) (r)dr

Since X(®G Xt,) = , thus C@®X7(t) ,

t

X(POXQPF () o+ ()] () (z)dr
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8.3.4 Section 8.3 F & ;X e 3

T

T~

(1) 2 x 2 matrix £ eigenvector 2-:

(2) £ & undetermined coefficient = ;2 {- Section 4.4 2 F Jww

(3) Variation of parameters 338 4 » B4 & B F a0 -0 8 F 4= %

(4) i ¥ undetermined coefficient 27 ;2 ¢ '\ f % % 2

@ variation of parameters $ii4g 32 » e if * 3 ix = 25

(5) FHieELE complementary function (homogeneous ¥R 4
=71 solution) » ﬂ - particular solution
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Section 8.4 Matrix Exponential

8.4.1 Section 8.4 #ﬁ &

#= linear system § = — & 18t order DE * iz

X'(t) = ax(t) —— x(t) = ce™ (+* % Section 2-3)

X(t) = ax(t) + 1 (1) X(t) = ce® +e [e ™ f (t)dt
(1) X' = AX . X(t) =eMC G |
(2) X'= AX+F X(t)=eC+e™ [eMF(t)dt C=|
(3) X'=AX+F X(t)=eMe™ X, +e™ J:, e A"F(r)dr LG

(With initial condition X(t,) = X,)

# o gAt ¥ 124 Laplace transform Nt — L‘l[(s| _ A)‘l] (see page 580)

£« eigenvector-eigenvalue decomposition (see page 582) & -



8.4.2 For Homogeneous Systems

X' = AX X'(t) = ax(t) —— x(t) = ce”

solution: |X(t) = e™'C

e T &
At _ 2t* . sEN|| 2 | _N kt*
e = JAAAA TR —kzc; T
ieAt :iAk tk_l _iAh+1ﬂ:AeAt
dt® T4 k-t &N
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8.4.3 For Nonhomogeneous Systems

X'=AX+F
solution: X(t)=e™C+ eAt_[e‘AtF(t)dt

& X(t)=eMCreM[ e M F(r)dr

L

L X (t) = ax(t) + f(t) —— x(t) =ce® +e* '[ e ™ f (t)dt

with initial conditions  X(t,) =X,

X (t)=eMe oX, +e* [ e F(r)dr

t

580



8.4.4 Computation of e

X'= AX X =eC

- %3 ixtkehinitial condition X (0)=C

T

£ X(s) & X(t) =2 Laplace transform constant column
vector
sX(s)—X(0)=AX(s)

(sl-A)X(s)=C

X(s)=(sl-A)"C
eMC=L"[X(s)]=L" (sI-A)*|C
M =L (sI-A)" ]
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Example 1 (text page 335)

1 -1 .
A:{ } Determine e™

2 -2

s(s+1)| 2 s-1
2.1 1.1
_|S s+1 s Ss+1
2.2 1.2
s Ss+1 s s+1

D
2
Il
1
N
|
D
|
| —
|
=
_|_
CD|
1
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HIEE* L7

N - O A » 2 O
8 % linear algebra % # » e fz
(1) eigenvector-eigenvalue decomposition for A

A=EDE™
E = :el e2 e3 en] el, e2, e3, ...... y en Péb :":3 A ':1/’7

i 1 eigenvectors, ¥ % nx 1 &3 column

A4 0 O 0

o 4 0 - 0
D=0 0 4 - O Ay Ay Ag s ooy Ay 5 €1,€5, 85, oennn. , €,

#1414 s ereigenvalues
0 0 O A |
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A=EDE™

eAt _ EeDt E—l
(et 0 0 0
0 e 0 0
e’= 0 0 e¥ 0
0 0 0 nt

wl4e 0 Example 1 5 *

o _[10 - 11 o [2 -
== - -
0 e 1 2 -1 1
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8.45 1 &

(1) * &7 12 f2R7 48 > * Sections 8-2, 8-3 ¢ 2 4 7 14 f2

(2) B & 250 e et B

(3) i& * eigenvalue-eigenvector decomposition e ;& pF > & 3, 7
B A At
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@@(‘Z@J B4 @8 TR 725 K

BY NC SA

435 \ %

&W | . . . PRy s 1%
@L B d a8 D01t 7l kg

BY NC SA

435
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