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4-4 Undetermined Coefficients —

Superposition Approach

This section introduces some method of “guessing” the particular
solution.

4-4-1 = % ig ¥ 0 12
(1) (2)

Suitable for linear and constant coefficient DE.

a, y(n) (X) =+ an—1y(n_1) (X) +eee a:l_y’(x) +a,y=4d (X)

(3) 9(), g'(x), 9" (%), g"(¥), g9(X), gO(X), ......... contain
finite number of terms.
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4-4-2 = i3

FedE- B RRAC
g(x) &£ # A-#& 3 » particular solution ?w%;z e -

FERT - R AR
FEPEE$ AB,C, ... it unknowns f& 4 &)



Trial Particular Solutions  (from text page 144)

2(x) Form of y,
1 (any constant) A
Sx + 7 Ax + B

3x°-2
x3-x+ 1
sin 4x
cos 4x

ejx

(9x-2) e*
x° e’

e’ sin 4x
5x7° sin 4x
xe’ cos 4x

Ax? + Bx + C

Ax3 + By "l x TR

A cos dx + B sin 4x

A cos 4dx + B sin 4x

4 5%

(Ax + B) e~

(Ax? + Bx + C) e’*

A e’ cos 4x + B e° sin 4x

(Ax? + Bx + C) cos 4x + (Ex? + Fx + G) sin 4x
(Ax + B) e’ cos 4x + (Cx + E) e® sin 4x

900

It comes from the “form rule”. See page 196.
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192
g(x)=e** + xe* Yo =7
g (x) = cos(x)+ x*sin(2x) Yo =7

g (x) = cosh (2x) Y, 5 4
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4-4-3 Examples

Example2 y"—y +y=2sin3x (text page 142)

Step 1: find the solution of the %ssociated homogeneous equation
Guess

Step 2: particular solution |Y, = Acos3x + Bsin3x
y, = —3Asin3x + 3B cos 3x

y, =—9Acos3x —9Bsin3x
Yo —y,+Yy, =(—8A—-3B)cos3x + (3A—8B)sin3x = 2sin 3x

{—8A—3B —0 _ A=6/73, B=-16/73

3A—8B =2 = i
; COS3X — sin 3x
Step 3: General solution: Yo =73 73

_ X2 V3 inY3yx )46 _16
y=e (Clcos > X+C,SIN—5 xj+730053x 73s.|n3x
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Example 3 y”"—2y'—3y—=4x—5+6xe?* (textpage 143)

Step 1. Find the solution of
y"—2y'—3y =0.

y. =c,e>* +c,e”
Step 2: Particular solution '
y'—2y' -3y =4x—5 y"—2y’'—3y = 6xe**

guess lguess
Yo = AX+B y,, =Cxe* + Ee*”
Yo, = A y, =2Cxe®* + Ce®** + 2Ee*
Yp =0 y’ =A4Cxe** +4Ce** + 4Ee®
—3Ax—22—3B=£1§<—5 —3Cxe?* +(2C —3E)e** = 6xe**
A:—g, BZ@ C =-2, Ez—%
23

ypl :_%X_'_

_ 4~ 2
Yo, = —(2x+ §)e2

9
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Particular solution

Yo=Y, +Y,, =—%x+§—(2x+%)ex

Step 3: General solution
Y=Y+ Y,

y:C]_e3X+CZe X—gx+?_(2X+4)e2X
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4-4-4 = 3% nfa i@

Form Rule: y, should be a linear combination of g(x), g'(x),
9" (%), 9"(X), g@(X), gO(X), wervrrranannn

Why? 4ept — % > Gt s G#icps 4 7 ¢ IR 5 4ehag



When g(x) = x" 197

X" > x"t 5> x"? 5> x" ... —>1-—>0
Yp = AX" + 'A‘n—lxn_1 =+ 'A‘n—zxn_2 RAEERERE + Ay
When g(x) = cos kx

cos kx — sin kx

f |
Y, = A coskx + A, sin kx

When g(x) = exp(kx)

kx —

e

t
y, = Aexp(kx)




When g(x) = x"exp(kx) 198

gr(x):nxn lekx—l—kX
g”(X)—n(n 1)Xn 2 kX+2nan —1 kX—|—k2 n kx
g”(x)=n(n— 1)(n—2)x” el +3kn(n—1)x“‘2ekX

+3k*nx"te" + k3x"

n ~ kx

gBFIMgX) * g 7 =ikes o R R MR

Xne Xn 1ekx n 2ekx ’ Xn—Sekx e , e

n—1 - kx n—2 ~ kx kx
yp—cxe *+c, X e +c, L X"e ... + C,€
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©

4-4-5 Glitch of the method:

Example4 y”_5y'+4y=8ex (textpage 143)

Particular solution guessed by Form Rule:
y, = Ae”
y, —5y, +4y, = Ae* —5Ae” +4Ae”* =8e”

0=8e" (no solution)
Why?



Glitch condition 1. The particular solution we guess belongs to the

complementary function.

For Example 4 y"—5y’'+4y=8e’

Complementary function Y. =ce*+c.e®  Ae*ey,

f24372 T L fk- BX

y, = Axe”

y, = Axe* + Ae”

y, = Axe* +2Ae”

y, =5y, +4y, =—3Ae* =8e* =——> A=-8/3

Y, = _ 8 xe*

200
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Example 7 y'—2y'+y=e (text page 145)

X X
y. =c,e* +c,xe

From Form Rule, the particular solution is Ae*

Ae* ey, hod - B XA 430 BIEF- B X

Axe* ey,

y' = (AX® + 2Ax)e”
y’ = (AX* +4Ax + 2 A)e”

y, = Ax*e”

X

yr—2yL+y,=2Ae" = ——> A=1/2

y, =x’e*/2

y =ce”* +c,xe* + x°e* /2




Example 8 (text page 146) 202

y”+y =4x+10sin x y(7z)=0 y'(7)=2
Step 1 Y, = C, CO$ X + C, Sin'x
Step2 Y, = AX+B +"<‘:‘5&§'.ﬁ">‘<‘1"és(¢as"se" /R ¢ sinx, cosx 3% &
"""""""""""""""""""""""" F X

Y, =4X—5XCO0s X

Step 3 Yy = C, COS X + C, Sin X + 4X — 5X COS X

Step 4 Solving ¢, and ¢, by initial conditions (& 1 % IVP)
Y(ﬂ)=—cl—|—47r—|—57r=0 ——— C, =97
y'=—c,;Sin X+ C, cos X +4 —5c0s X + 5xsin x
y(7z)=—C,+9=2 ———> ¢,=7

Y =97 CcosX+ 7sIN X+ 4X —5XC0s X




203
Example 11 (text page 147)

y©® +y" =1—x’e

—X

Y. = C, |+ C, X+ C;X* +[c,e

From Form Rule\ \ L
Yo R &G - 304 ey, 4F

2 —X — X WS
y. =|AH Bxe " +Cxe " + Ee
i e = UIFI/J:L_

Yo :AX3+ Bx®e * + Cx%e * + Exe

If we choose y, = A+ Bx’e* +Cxe ™ + Ee

y$P +y =—2Bxe * + (6B —Cle * =1—x%*

2 F 1, x%eX A 0 Ao Rl & fE

P~
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—X

If we choose y, = Ax® + Bx’e " +Cxe ™ + Ee

y& +yl, =6A—2Bxe *+(6B—-C)le ¥ =1—x’e™*
FR NGRS I S TS R E R £
If we choose |y, = Ax® + Bx’e ™ +Cx’e * + Exe™”
4) "
Yo Tt Y

=6A—3Bx°e™* +(18B—2C)xe * + (—18B+6C — E)e™*

X

=1— x°e”
A=1/6,B=1/3,C=3,E=12

Y, = % x> + % x3e ™ +3x%e X +12xe"”

X

X

y =C, +C,X+C,X° +cC,e " + % X% + % x’e ™ +3x°e X +12xe"”




Glitch condition 2: g(x), g'(x), g" (x), g"'(x), g®(x), g®(x),
contain infinite number of terms.

If g(x) = In x

1 1

1
InNX >=—> 5 —> — —.-----
X X X

If g(x) = exp(x*)
g’(x) — 2xe*
g”(x) — (4x* + 2)ex’
g”(x) — (8x° +12x)ex
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4-4-6 * & F &1 3 ehp

(1) 3z @ Table 4.1 = particular solution eniE 3R = /&
(2§ 4= “formrule” 3 4p % *» cHhf )

(2) ;£ & “glitch condition”

¥ebo Y- T enterm & Rk P fp A F (%3 Example 11)
(3) #rr4 & 2L & complementary function > £ & particular solution
(4) e e 02 > 5 7 0% A 1storder .r’ﬁ'r%‘—ﬂ}

(5) »~ = ;= ¥ i * >t linear, constant coefficient DE
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4-5 Undetermined Coefficients —

Annihilator Approach

For a linear DE:
a, y(n) (X) + an—ly(n_l) (X) " i a1y’(X) +a,y =49 (X)
Annihilator Operator:

o 49 T ARG | g(X) £ operator

4-5-1 = kg ¥ 12

(1) Linear > (2) Constant coefficients

(3) 9(x), g'(X), 9" (%), 3"(x), g(x), gO(x), .........contain
finite number of terms.



4-5-2 Find the Annihilator

208

Example 1: (text page 151)

g(x)=1—5x*+8x°

g (X) _ 3

. ’ d
- annihilator;: D4 D“g(x)=

. annihilator: D + 3

éj;g(x)+39(x)=0

k

dxX

g(x)
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g(x) = 4e™ —10xe™ > annihilator; (D — 2)?
(D-2)2=D?—4D +4

2
c?xz g(x)—4 g(x)+4g(x)=0

:x : 4 coefficient 5 constants p* » function of D 3+ & = 3¢
Fv function of X 3+ &8 = ;3\ 4p e

(x—2)2=x2—4x+4
= (D—2)2=D2—4D +4
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General rule 1:

It g(x)=(a,x"+a,,x" "+ +a, )e™

then the annihilator is [D—e]™"

>

;23 ¢ annihilator ¥ a,, ay, ...... , Ay &

Ff‘fra,n”ﬁ i



General rule 2:
If g(x)=(a,x"+a, x" "+ +a, )e“* (b, cos Bx + b, sin Bx)
b,#00r b,=0

n+1

then the annihilator is | D* — 2aD +(a® + 87) |

Example 2: (text page 151) g(x)=5e *co 2»—9e *sin 2x

annihilator D?+2D +5
Example 5: (text page 154) g (x)= xcos x —cos x
annihilator [ D®+1]

Example 6: (text page 155) g(x)=10e " cosx

annihilator D?+4D+5

211



General rule 3: 212
IF () = 9y(%) + G5(X) + ... + G(X)

L. [9,(X)] =0 but L,[g,(X)] =0 if m=h,
then the annihilator of g(x) is the product of L, (h =1~ k)

L Le---LL

Proof: LkLk—l"'I—3L2|—1[gl+gz+gs+ """ +gk]
=L L,---LLLog+L L, ---LLLg,+
L L. ---LLLgg+------ +L L ---LLLg,
LkLk—l"'L3L2L191:LkLk—1'°'|—3L2[L191]:O
Lkl—k—l"'l—sl—zl—192 — Lkl—k—l"'l—sl—1[|—292]zo

(¥]1 5 L, L, 5 linear DE with constant coefficient, L,L, = L,L,)
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Similarly,
LL,--LLLLog,=LL. - I—4L2L1[|—393] =0

L L, L L L0, £ Lk—l'“L4L3L2L1[Lkgk]:O

Therefore,
Lkl—k—l"'l—sl—zl—1[91+gz+gs+ """ +gk]
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Example 7 (text page 155)

g(Xx)=5x*—6x+4x°e** +3e”*

annihilator: D3 annihilator;: D — 5

annihilator: (D — 2)3

annihilator of g(x): D3 (D —2)3 (D — 5)



4-5-3 Using the Annihilator to Find the Particular Solution

Step 2-1 Find the annihilator L, of g(x)
Step 2-2 4r% & X e linear & constant coefficient DE £_
L(y)=9(x)
PR - #- DE % = 4o7F e Ay
L[L(y]=L[g(x)]=0
(homogeneous linear & constant coefficient DE)

T If ay®()+a Ly () + -+ ay () +ay =g(x)
then L=a D"+a ,D"*+---+aD+a,

215



216
Step 2-3 Use the method in Section 4-3 to find the solution of

L[L(y)]=0
Step 2-4 Find the particular solution.

The particular solution y, is a solution of

L[L(y)]=0
L(y)=0
but not a solution of

(Proof): Since L(y,)=9() ,ifg(x)=0, L(y,) should be nonzero.

Moreover, L[ L(y,)|=L[g(x)]=0.
Step 2-5 Solve the unknowns
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solutions of

< LIL(y)]=0

particular solution y,

solutions of
L(y)=0

particular solution y, e solutions of L, [L(y)]=0

¢ solutionsof L(y)=0


http://creativecommons.org/licenses/by-nc-sa/3.0/tw/deed.zh_TW�
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4-5-4 Examples

Example 3 (text page 153)
y' 4+ 3y 4+ 2y =4x°
Step 1: Complementary function

(solution of the associated homogeneous function)
Yy, =ce *+c,e "

Step 2-1: Annihilation: D3
L[L(Y)]=L[a(x)]=
Step 2-2: D°(D?*+3D+2)y=0
Step 2-3: auxiliary function m*(m* +3m+2) =0
roots: m;=m,=m;=0,m,=-1,mg=-2
Solution for L,[L(y)]=0 # K,ﬁ {e complementary
gy =ld, +d,x+d,x*+d,e * +d.e > fUﬂCtIOI’] AP e edR A
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Step 2-4: particular solution y = A+Bx+Cx*> Y, =B+2Cx
y, =2C

Step 2-5:  y; +3y, +2y= 2Cx* +(2B+6C)x+ (2A+3B+2C) =4x?

( 2C =4

C=2
< 2A2 B:;|_36C2?:O 0 B=-6
eATeB e = A=7
Yy, =7—6x+2x"

Step 3: y = >/C + yp — Cle_x _I_Cze—ZX +7_6X+ 2X2




Example 4 (text page 154) 220

y” —3y’ =8e* +4sin x
Step 1: Complementary function

From auxiliary function, m>—-3m =0, roots: 0, 3
Yo =C + Czesx

Step 2-1: Find the annihilator
D—-3 annihilate ge3x  but cannot annihilate 4sin x
(D2 +1) annihilate 4sinx but cannot annihilate ge**

U

(D — 3)(D? + 1) is the annihilator of 8e®* +4sin x

Step 2-2. (D-3)(D?+1)(D*-3D)y =0




Step 2-3: auxiliary function: (M —3)(m* +1)(m? —3mA)j¥ o g g 221
=m(m—-3)°(Mm?>+1) =0 "
solution of (P —3)(D*+1)(D*-3D)y=0.

3X 3X :
y=d, +d,e” +d,;xe”” +d, cosx+dgsinx

Step 2-4: particular solution
y, =d;xe* +d, cos x +dg sin x
@ ro p g
R 2RE i e

- 8 ye3x 4 6 _ 2g;
Step 2-5. y, =3xe™ +2cosx—£sinx

Step 3: general solution |y = ¢, +c,e* +§xe3x + gcos x — £sin
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4-5-5 * & B i1 R e

(1) #r12 & L & complementary function - £ & particular solution
(2) 3 & B2 channihilator > £ H ¢ @ H T w

(3) ++ & auxiliary function pF 5 P % % jo 45

(4) L[L(9)]=0 PfFfrL(y) =0 fE 72 — f& o

(5) &7 /= > ¥ if * 3t constant coefficient linear DE

(%1% B 7 & 24 auxiliary function)
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The thing that can be done by the annihilator approach can always
be done by the “guessing” method in Section 4-4, too.
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4-6 Variation of Parameters

4-6-1 = 3% e

The method can solve the particular solution for any linear DE

(1) May not have constant coefficients
(2) g(x) may not be of the special forms

a,(x)y"™ (x)+a,, (xX)y" P (x)+F- e (X)Y'(X) +a,(x)y = g(x)



225

4-6-2 Case of the 2" order linear DE

a (X)) y"(X)+a (xX)y'(x)+a,(x)y=9g(x)
associated homogeneous equation: a, (x) y"(x) +a,(x) y'(xX) +a,(x)y =0
Suppose that the solution of the associated homogeneous equation is
C, Y, (X) +C,¥,(X)

Then the particular solution is assumed as:

Yp = U (X)Y;(X) + U, (X) Y, (X)




Yo :ul(x)yl(x)+u2(x)y2(x) AN },‘%' ;\; %é > é@ El —1 1] ’;_’?5 it
y;o = u1’y1 +u1y1, + u;yz +U2y;

Yp =UY; +2Uiy; +U Y+ Uy, + 22Uy, +UyY;
Nox YV (X)+P(X)Y(X)+Q(x)y = f(x)

P()=20, Q=270 1(0=27

226



Ye +P() Y, +Q(X)y, = F(X), y —uy, +u,y, 227

| i
(sj)([y1U1’+ y2U;]+ P[y1u1’+ yzu;]+ y1’u1’_|_ y;u; — f (X)
N

TFJ:\’:\:)T{ y,u; + y,u, =0
yiu; + ysu) = f (%)
i 2 B AR 3

{ylull + yzu; =0
yiu, + yyu; = f (x)




u, =_fu1’(x)dx

u, :_fu;(x)dx

YU + y,u; =0 U = =—""
N (-
ur _W2 — ylf (X)
2 W W
0
where w =|* ¥ w1:~ 2. W,
Yi Y f(x) vy,

A
Y1

f(x)

| |- determinant

Yo (X) = ul(x) yl(x)+u2(x) yz(x)

¥ 144 15t order case (page 56) 4p +* #&

228



4-6-3 Process for the 2"d Order Case

Step 2-1 % = standard form
Y'(X)+P(X)y'(x)+Q(x)y= f(x)

Step2-2  woYr Y W, :‘ 0 Y2
i Y fO0 Vs
Step 2-3  uj = s Ve
\\ wW

Step 2-4  |u, = [u/(x)dx u, = [u; (x)dx

Step 2-5  y, (X)) =u, (X) y, (X)+Uu, (X) Y, (X)

A
A

f(x)

229



4-6-4 Examples 230

Example 1 (text page 159)

y'—4y' +4y = (x+1)e**
Step 1: solutionof y”"—4y’ +4y=0:

2X 2X
Y. =Ce“" +c,Xe

2X

Step 2-2: Yp =UY; FUY,, Y1 = e % Y, = Xe

e2x Xe2x A O Xe2X
] — . _ 4x
W 2e**  2xe** +e** © Nl (x+1)e’*  2xe™ +e°*| —(X+1)xe
e*x 0
W, = 267 (x+1)e” = (x+1)e**
e X +1)e
, W ,
Step 2-3 u1=W1=—x2—x u,=-2=x+1
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Step 2-4: W = Jujdx = [(=x* —x)dx = = x> =T x* +¢]

u, :Iu;dx:j(x+1)dx:%x2 + X+,
. _ ¢ 1,3 1 2\a2x 1.2 2x _
Step 2'5 yp _( 3X 2 X )e + (2 Ko} X)Xe (

1.3, 1 2\42x
g X +2x)e

_ 2x 2x 273 N\ 12\ e2'%
Step 3: y =c,e“” +c,Xxe +(6x +2x)e




Example 2 (text page 159) [4y”+36y = csc3x

f(X) =csc3x/4

. 1 cos3x DT
Note: (a) 12jsin3de SR

(b) Interval (0, #/6) < % (0, #/3)

Example 3 (text page 160) |y"—y =1/x
f(x)=1/x

Note: [=dx i27F analytic «f%
X

x @t vie g
“TUE AT A ["Sdt (W ¥ page 43)
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4-6-5 Case of the Higher Order Linear DE

a, (X)y"™ (x)+a, , (X)y" P (x)+-+a (X) Y () + @ (x)y = g(x)
Solution of the associated homogeneous equation:

Y. =C YV, (X)+C, ¥V, (X)+Caya(X)+------ +cC,. Y, (X)

The particular solution is assumed as:

Yp = U (X)Y1(X) + Uy (X) Y, (X) + Uz (X) Y5 (X) +---- - +U,(X)y,(X)

u; (x) =VV\\’/‘< ——> U, (X) =IUL(X)d

233



Y1
Y1

”

Y1

(n-1)

VA

Y1
Y1

(n-2)

(n-1)
Y1

Y2

’

Y2

4

Y2

(n-1)

Y>
Yo
Y5

(n—-2)

Y>
(n-1)
Y>

Ys

’

Ys

”

Y3

(n—1)

Y3

Yva
Vi1
(n-2)
Yk
(n-1)
Yeoa

Yn
Yn

”

Yn

(n-1)
Yn

F(x)=9g(x)/a,(x)

(n-1)

yk+1

234

Yn
Yn

(n-2)

(n-1)

Yn




W, : replace the k™ column of W by

For example, when n = 3,

0 Y. Ys A
W, =0 Yo Y3 W, =|y;
f(xX) vy, Vg Y:

f (x)

| T (X)_

Ys

Ys
Ys

f(x)=

W3

235

g(x)
a, (x)
Y. Y 0
=Y: Y 0
yr Y;  F(X)
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4-6-6 Process of the Higher Order Case

Step 2-1 % = standard form

sy Bs 0 L s B0 30 a(x)
AN R (970" a,0Y 7 a,(x)

a
Step 2-2 Calculate W, W, W,, ...., W, (see page 234)

Step 2-3 \u; _ W, u; W e u’ _ W,
wW wW wW
Step 2-4 |u, = [u/(x)dx| |u, = [us(x)dx]....... u, = Ju; (x)dx

Step 2-5 Yo (X) = U (X) Y1 (X) + Uz (X) Yo (X) -4 U, (X) ¥ (X)
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4-6-7 * & F LR e 2

(1) % = % f# associated homogeneous equation 7% |7
Q) e B BER SN

(3) 242 | | 4p e determinant

——————

(5) f(x) = g(x)/a,(x) ﬁr 15t order eF-25— # - & * standard form)

(6) 3+ & u'(x) fru'(x) enfg & > +C ¥ L9
F] 5 2 i enp enE Y particular solutiony, y, EiF P — i % K
J 3 eDf%

(7)ie> 2 fAenfEF 0 7 ¢ 7 a,(x) =0 ey 2



4-7 Cauchy-Euler Equation

4-7-1 F&i% ") 12

8, x"y ™ (X) + 8, Xy D (X) 4+ 8y () + gy = 9 (X)

not constant coefficients / k \

but the coefficients of y®(x) have the form of 2«X"
a, 1S some constant

associated homogeneous particular solution
equation

a,x"y "™ (x)+a, , x" Ty (x) +

-+ axy'(x)+a,y=0

238
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4-7-2 #233

Assoclated homogeneous equation of the Cauchy-Euler equation

a, x"y" (x)+a,  x"y" P (X)+---+axy'(x)+a,y =0

Guess the solution as then

aanm(m—l)(m—Z) """ (m—n+1)xm_”+

a_ xX""m(m-1)(m-2)------ (Mm—n+2)x™" 4
an_zxn—zm(m —-D(mMm-2)------ (m N4+ 3) xMn+2
+a,xmx™*

+a, X" =0
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am(m-1)(m-2)------ (m—n+1)
+a,_,m(m-1)(m—-2)------ (mMm—n+2)
+a, ,m(m—1)(m—2)------ (m—n+3) ———> auxiliary function

+a'1m W @ e constant coefficient
ray =0 #i Rk ?

k d¥ \ m!
HA] L F X gk B (m—k)!




241

4-7-3 For the 2"d Order Case

2,7

a, X y"(x)+axy'(x)+a,y=0
auxiliary function:

a,m(m—-1)+am+a, =0 a,m’>+(a, —a,)m+a, =0
roots _ .
m :az—a1+\/(a1—a2) —4a,a, L1 :az—al—J(ai—az) —4a,a,
' 2a, % 2a,

[Case 1]: m; # m, and m,, m, are real
two independent solution of the homogeneous part:

my my

X and x

m m
Y. =C,X™ +c, X"




[Case 2]: m; =m,
Use the method of reduction of order

Y, = XM

—J'P(x)dx —failxdx

Y, () =y, (X) [ S5 v IE R 22

dx

14 a o
Note 1: jn ¢ — Y" 00+ = ¥'()+_ ",y =0,

X a, X’

a —
Note 2: pLpF m, =m, =2 %
2a,

242
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j A dx In\x\

Y, (x)=x" J' xml_f
—()a’fz jx :;x azazdx—x le X =X™In|x

If yz(x) Is a solution of a homogeneous DE

then c y,(x) Is also a solution of the homogeneous DE

If we constrain that x > 0, then y, = x™ In x

m m
Y. =C X *+C,X 2InX




[Case 3]: m; # m, and my, m, are the form of
m=a+jpf m,=a—jp
two independent solution of the homogeneous part:
X“17 and  x*1”

_ a+jp a—]jp
y. = C;X + C, X

Xa+j,8 — (elnX)a—i—jﬂ y | e((x+j,8)|l’lx . ealnxejﬂlnx
= x“ (cos(LInx)+ jsin(BInx))
e 78 x* 17 = x* (cos(BIn x) — jsin(BIn x))
Y. = X“[(C,+C,)cos(BInx)+ (C,—C,)sin(SInx)]
Y. = X“[c,cos(BInx)+c,sin(BInx)]

244
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Example 1 (text page 164)

x?y"(x)—2xy'(x)—4y =0

Example 2 (text page 164)

AxX?y"(x)+8xy'(X)+y=0

Example 3 (text page 165)

4x*y"(x)+17y =0 y(lH)=-1 y@1Q)=-

1
2
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4-7-4 For the Higher Order Case

Process: auxiliary lfunction

roots Step 1-1

Independent solutions ~ Step 1-2

solution of the associated Step 1-3
homogeneous equation
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(1) % auxiliary function & m, g = £ 5 — B2

Mg

X
%_associated homogeneous equation e @ — i 2

(2) % auxiliary function % mg e = 5 Kk i £ 49
¥ Mo ’ X" In X , %Mo (In X)2 gy - ’ %Mo (In X)kil

& % associated homogeneous equation %



(3) % auxiliary function % a+jf v a—jp = =

x“cos(pInx), x“sin(SInx) (%

%_associated homogeneous equation s @ = i iz

(4) = auxiliary function & a+jB4r a—jB e > ¥ 3 k B £19

x“cos(BInx), x“cos(BInx)Iinx, x%cos(BInx)(nx)?, ------ :

x“ cos(S1Inx)(Inx) ™

x“sin(BInx), x“sin(BInx)Inx, x*sin(BInx)(nx)?, ------ :

Xx*sin(BInx)(In x)“*

%_associated homogeneous equation snH ¢ 2k i %

248
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Example 4 (text page 166) )

X2y"(X)+5x*y"(x)+7xy'(x) +8y =0

auxiliary function
m(m-1)(m—2)+5m(m—-1)+7m+8=0
m® —-3m® +2m+5m° —-5m+7m+8=0
m+2m?+4m+8=0

(m+2)(m2 +4)=O
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4-7-5 Nonhomogeneous Case

To solve the nonhomogeneous Cauchy-Euler equation:

Method 1: (See Example 5)

(1) Find the complementary function (general solutions of the associated
homogeneous equation) from the rules on pages 241-248.

(2) Use the method in Sec.4-6 (Variation of Parameters) to find the
particular solution.

(3) Solution = complementary function + particular solution

Method 2: See Example 6> £ &
Setx=¢e!l, t=Inx



Example 5 (text page 166, illustration for method 1) 251

x?y”(x)—3xy’(x) +3y = 2x"e”

Step 1 solution of the associated homogeneous equation
auxiliary function

m(m-1)—3m+3=0 m?—4m+3=0 m, =1
Y, =C X+ C,X° m, =
: . X || 93
Step 2-2 Particular solution W = | =2x°
1 3x
_ — X W, = = 2X°e
Wl — 2X2€X 3X2 — 2X e 2 1 2X2eX

Step 2-3 ! :VV\\’;:_xzex u. :VV\\/;:ex

1



Step 2-4 W = Iu{dx = —Xx%e* +2xe* — 2e*

Step 2-5

Step 3

u, =_[u;dx=ex

Y, =Wy, +U,Y, = 2x°e* —2xe”

y =C, X+ C,X° + 2x°e* — 2xe*

252



Example 6 (text page 167, illustration for method 2) 253

x?y"(x)—xy'(x) +y=Inx
Setx=et, t=Inx

dy dtdy 1dy _
dx dxdt xdt (chainrule)

d’y _d [dyj: dt d (dyjzld(ldyj
dx? dx\ dx dx dt \dx x dt \ x dt
1 y+1[d 1j(dyj: 1(d?y dy
%2 dt? dt x /\ dt x?\ dt? dt
Therefore the original equation is changed into
y(t) 2 F YO+ y() =t

d2
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It d”y(t)- 28y +y(@) =t
— Yy({t)=ce' +cte' +t+2

—> Y(X)=cX+c,XInx+Inx+2 (;;,J‘«-;», tzlnxi?W#%)

Note 1: 14 Jt 5g 48

d* 1 d
dXE/:Xk(Dt—k+1)---(Dt—1)Dty D, means dt
Note 2: 5 iz #7337 0 % & 4 f% nonhomogeneous Cauchy-

22\
Euler equatlon mTE Jw



4-7-6 & B3 { e 299

(1) & & 2 Nz 2 .
3= Section 4-3 s eX iz X 0 X #2 = In(X)
3= auxiliary function s m" iz & m(m-1)(m—2)------ (m—n+1)

(2) 4- i@ f% particular solution?
Variation of Parameters =

(3) f2 e B 47 & 45 x =0 e > (Why?)
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B3 137 linear DE X 3 742 f# > EA 7%

(1) numerical approach (Section 4-9-3)

(2) using special function (Chap. 6)

(3) Laplace transform and Fourier transform (Chaps. 7, 11, 14)
(4) & # (table lookup)
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(1) T * 7 Section 4-7 =13 & > & A HDER L F P 13

g

() “% - f
H 7 ¥ constant coefficient linear DE

R BB e F b enk] 3 4 _linear DE

-



Exercise for practice

Section4-4 5,6, 14, 17, 18, 24, 26, 33, 39, 42
Section4-5 2,7,13, 18, 31, 45,69, 70
Section4-6 4,5, 8, 13, 14, 18, 21, 24, 25, 28
Section 4-7 11,17, 18, 20, 21, 32, 34, 36, 37
Review 4 2,13, 14,17, 19, 20, 23, 24, 27, 32
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S B TR TR
B :‘ EOeE ~ MAUECC ey — M el iHEDTR T | MG O -

s EVENER (S TIETRT T e Eu%
S [@loEle) DIEIHICC " #: R —FEpsasEtt — HHE =0 = | 283 OF g

217

solutions of
Liy)=0
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