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Chapter 4 Higher Order Differential Equations

dn
Highest differentiation: dle, n>1

Most of the methods in Chapter 4 are applied for the linear DE.



= DE ehi ¥
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DE—

— Linear——

— Constant coefficients—

— Homogeneous

—— Nonhomogeneous
— Homogeneous

—— Cauchy-Euler

—— Nonlinear

— Nonhomogeneous
— Homogeneous

——Others

— Nonhomogeneous



4% Higher Order DE ;% 136
— reduction of order
— homogeneous auxiliary function

part Cauchy-Euler
' _ ——"guess” method
Inear = particular annihilator
solution _____ variation of parameters
L multiple linear DEs ——elimination method
onlinear [ reduction of order
— Taylor series
— numerical method
—__ series solution — Laplace transform
both transform ——— Fourier series
' - Fourier cosine series
(but mainly linear) ——— Fourier sine series

— Fourier transform



4-1 Linear Differential Equations:
Basic Theory

4.1.1 Initial-Value and Boundary Value Problems

4.1.1.1 nthorder Initial VValue Problem

i.e., nth order linear DE with VP at the same point

n—1
a, 0 Y e (0 a0y =g (%)
y(Xo):yo X"(XO):yl‘_,' y”(xo):yz

-
-
—————
—————
b=

Initial condltlon
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Theorem 4.1.1 138
For an interval | that contains the point x,

O If ay(x), a;(x), ay(x), -...... , a, (X ), a,(x) are continuous at x = x,

@ a,(xy) =0

(% %L 3 singular point iz %)

then for the problem on page 136, the solution y(x) exists and is unique
on the interval | that contains the point x,

(Interval | snde[F] » B~&3vmpr a(x) =012 2 @ = g (x) (k=0~n)
7 % continuous)
Otherwise, the solution is either non-unique or does not exist.

/
(infinite number of solutions) (no solution)
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Example 1 (text page 118)

n

3y" +5y"—y'+7y=0 y@=0 y@®=0 y"1) =0

Example 2 (text page 119)

y"'—4y' =12x y(0) =4 y’(0) =1

o X°y"—2xy'+2y =6 y(0)=3 y'(0) =1

7oA S ez

A

Y B N 2
y=cx?+X+3 CsER2Z ¥



o Il #% ! 140
x?y" —2xy'+2y =6 y@® =3 y') =1
Fpo- B
y=x>—X+3

X € (0, o)
e Note:

The initial value can also be the form as:
ay(X,)+ LY (X)=0

> @,y (x,)=0 (general initial condition)



4.1.1.2 nt Order Boundary Value Problem 141

Boundary conditions are specified at different points

L i o Initial conditions are specified at the same points
B3 L a (X)) Yy +a (x)y' +a,(x)=g(x)
subjectto Y@ =Y. yMd)=y

il y@ =Y, Yyb)=y,

A {aly(a) +py'@)=n
o, y(b) + B,y'(b) =7,

An nt" order linear DE with n boundary conditions may have a
unigue solution, no solution, or infinite number of solutions.
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Example 3 (text page 120)

y"+16y =0
solution: y = c, cos(4x)+c,sin(4x)
(1) Y(0)=0 y(x/2)=0
y =c,sin(4x) ¢, IS any constant (infinite number of solutions)
(2) y(0)=0 Yy(#/8)=0
y=0  (unique solution)
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4.1.2 Homogeneous Equations

4.1.2.1 Definition

d" dn d
a, (%) ¥ +ana(x) oy o ra () ) +a(x)y=g(x)

g(x) =0 homogeneous
g(x) #0 — " nonhomogeneous

o & £ 733 ! Associated homogeneous equation
The associated homogeneous equation of a nonhomogeneous DE:

Setting g(x) =0

e Review:  Solving the 1 order
nonhomogeneous

linear DE
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4.1.2.2 New Notations

. ooodn
Notation: D"y = y
dx
dz d ?‘P'i:{%’:‘:\' '_JEIP?’::\:
dx¥+5di+6y D%y + 5Dy + 6y - <5 > (D* +5D +6)y
VO TE
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4.1.2.3 Solution of the Homogeneous Equation

[Theorem 4.1.5]

For an n™ order homogeneous linear DE L(y) = 0, if
@ y,(1), y5(1), ....., y,(t) are the solutions of L(y) =0
@ y,(1), y,(1), ....., y,(t) are linearly independent

then any solution of the homogeneous linear DE can be
expressed as:

Y=CGY, +CYy,+------ +ChYn

T O e PR A 4P R



From Theorem 4.1.5: 140

An n order homogeneous linear DE has n linearly independent
solutions.

Find n linearly independent solutions

== Find all the solutions of an n* order homogeneous linear DE
Y1 (t), Yo(t), -...., y,(t): fundamental set of solutions

Y=CY, +C,Y, +--e--- +c, y,. general solution of the homogenous linear DE

(* #f complementary function)
J? ﬂ—\é Q s p\"'




Definition 4.1 Linear Dependence / Independence

If there is no solution other thanc, =¢c, = ....... =c, = 0 for the
following equality

CYs (X)+Co¥, (X)4-nene +C,Y,(X)=0

then y, (1), y,(1), ....., y,(t) are said to be linearly independent.

Otherwise, they are linearly dependent.

X %78 % % linearly independent =1 ;% : Wronskian

147



Definition 4.2 Wronskian

Y1
Y1
W(y1’y2’ """ =yn):det .

(n-1)

BA

Y2
Y2

(n-1)

Y2

Yn
Yn

(n-1)

Yn

W (Y5 Yaumooeee . ¥.) =0 —— linearly independent
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4.1.2.4 Examples

Example 9 (text page 125)
y”"—6y”"+11y’'—6y =0

y, = €%y, = e and y, = e¥ are three of the solutions

Since
Y. Y. Ya e* e’ e
det| y; vy, vVyi|=|e* 2e* 3e*
yi’ yg yér _ex 4eZX 9e3x

1 1 1
— eX+2X+3X 1 2 3 — ZeGX -~ O
1 4 9

Therefore, y;, ¥,, and y, are linear independent for any x

general solution:

X 2X 3x
y =ce” +c,e”” +c,e

X € (—oo, o0)

149



4.1.3 Nonhomogeneous Equations (¥ 4= page 53 #p ** #2)

150

Nonhomogeneous linear DE

2, () Y™ () +a, ()Y (X)+-+ 2 ()Y )+ 3, () y = 9g(X)

Part 1 /

\Part 2

Associated homogeneous DE

a, (x)y™ (x)+a,_ (x)y"(x)
o3 (X) Y00 + 8 (x) y =0
find n linearly independent solutions

Yi(X)s ¥z (X),-ooe Yo (X)

particular solution Yo
(any solution of the

nonhomogeneous linear DE)
g(x):gl(x)+gz(x)+ """ +gk(x)

l

yp(X):ypl(X)_l_yp!(X)_i_ """ +ypk(x)

general solution of the nonhomogeneous linear DE
Y(X)=C Y1 (X)+C ¥, (X)+----- +C, Y, (X)+ Y, (%)
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Theorem 4.1.6 general solution of a nonhomogeneous linear DE

A//C +yp\A
general solution of the associated particular solution (any solution)
homogeneous function of the nonhomogeneous linear
(complementary function) DE

general solution of the
nonhomogeneous linear DE




Example 10 (text page 126) 152

ym_6yn_|_1lyr_6y — 3X

T

y” —6y"+11y’—6y =0 Particular solution
: : _ y, =—211_1x
Three linearly independent solution 12 2
ex : er : eSx
Check by Wronskian (Example 9)
ex er e3x

e 2e** 3e¥|=2e"

ex 4e2x 9e3x \

General solution: |y =ce” +c,e”" +ce” — 35— 5 X




Theorem 4.1.7 Superposition Principle

153

If Y. (X) isthe particular solution of
a, () Y™ (x)+a, , (X)y" P (x)+-+ 3 (X) Y (X)+ 8, (X) Y (X) = g, (x)

y,, (x) 1s the particular solution of
a, (X)) Yy (X)+a,  (X)y" P (x)+-+a (X)) Y (X)+a, (X)) y(x)=9,(x)

Yo, (X) is the particular solution of
a, (X) Y™ (x)+a, , (X)y" P (X)+-+a (X)) Y (X)+8,(x) y(X) =g, (%)

then

Yo, (X)+ Y5, (X)+---+ Y, (X)

IS the particular solution of

a, (X)y " (X)+a,, (X)y" P (X)+-+a (X) Y (X)+ 8, (x) y(x)
=g, (X)+ g, (X)+------ + 9, (x)




Example 11 (text page 127)

154

y, (X) =—4x2 IS a particular solution of y”—3y’'+4y=—-16x?>+24x—-8

y, (x)=e>* Isaparticular solution of y”—3y"+4y=2e*

Yo, (X)=xe* s a particular solution of Y"—3y +4y=2xe” —e"

2 2X X
Y=Y, +VYp, T Y, =4X +e"7" +Xxe

IS a particular solution of

y' —3y' +4y =—-16%X°+24x —8+ 2e°* + 2xe* —e*
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e initial conditions, boundary conditions (pages 136, 140)

e associated homogeneous equation , complementary function (page 142)
e fundamental set of solutions (page 145)

e \Wronskian (page 147)

e particular solution (page 149)

¢ general solution of the homogenous linear DE (page 145)

e general solution of the nonhomogenous linear DE (page 149)
a, () y™(t)+a,_, ()y" 7 (t)+---+a () y(t)+a, (1) y(t)=g(t)
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415 A& B33 e 3

(1) Most of the theories in Section 4.1 are applied to the linear DE

(2) /L & initial conditions f= boundary conditions z_ f¥ e 7% &

(3) -i# & %7 linear independent
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(A “v 1) Theorem 4.1.1 iz

n n—1
an(x)d Y u

dy _
0 Y 2, (05 Y a, ()Y e, () y =g (x)

Y(X)=Yo Y (X)=Y1 Y (%) = Yo

When a,(x,) #0

(M (% _|_anf1(xo) (1) (x _|__“_|_a1(XO) "(x.) + ao(x) X)) = g(xo)
YOO ) Y T G ) Y ) T e ) YO A, ()
l \—> find y™(x,)

y (D (Xo +A) = y (D (Xo) + y (™ (%) A » find y(n—l)(X0+A)

f(t+A)— f(t)

(124 fr(t)= A , ft+A) =T ()+ f'(H)A)




YU (X +A) =y T (%) + YT (%) A
YO (%, +A) =y " (%) + Y (x,)A

\ 4

find y("2)(x,+A)
find y("3)(x,+A)

v

V(X +A)=Y(X)+ Y (%) A

"1 find y(x,+A)
y™W (%, +A)+ ae:nl((x):O:gA)) yO P (X +A)+---+ Zln(();‘; :i)) y' (X, +A)
a, (x+A) _a(x+A)
2, (% + ) YT =5 G a) " find yO(xg+A)
Yy (% +2A8) =y (X + A) + Y (X, +A)A > find y(""D(x,+2A)

Y (X, +2A) =y (X, +A)+ YV (%, +A)A > find y("2)(x,+2A)



V(X +2A) = Y (X +A)+ Y (X +A)A > | find y(x,+2A)
y™ (%, +2A)+ z;l((xXO:ZZAA)) yO P (X, +2A) +-- Zi(())((oiiig Y (X, +2A)
a, (x+2A) y (% +2A) = g(x, +2A)

a, (X, +2A) a, (X, +2A)

v
gt Rpde o ¥ By (X+H3A), y(xo+4A), y(Xo+94), .....

Ijj_"s/\';fé}..y(x) MTP mlE’ ;]7'—5;},5 ,‘,‘ .
(]L\y(x) for x > X0 B‘%, AR
J‘\y(x) for x < Xo 2= E. 1A @'—_)

159
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Requirement 1: a,(x), a,(x), a,(x), ....... , a,_4(X), a,(x) are continuous
73R a(XgtmA) EF U T

Requirement 2: a,(x) # 0 Z_5 7 & a,(X,tmA) /a,(X,tmA) 7+ 5 & 2

)
=



4-2 Reduction of Order

421 1& # oﬁ‘zlj

(1) (2) (3)

Suitable for the 2" order linear homogeneous DE

& (X)y"+a,(X)y' +a,(x)y=0

(4) One of the nontrivial solution y,(x) has been known.

161
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422 f&ik

B3k Y2 (X)=u(X)y, (%)

4 #-DE % = Standard form

V' +P(X)y'+Q(x)y=0

I y(x) = u(x) y,(x)

y'=uy; +u'y, y” =uy;+2u’y; +u”y,

uy, +2u'y; +u"y, + P(x)uy, + P(x)u'y, + Q(x)uy, =0

u(yy+P(X)y, +Q(X)y,)+2u’y, +u”y, + P(x)u'y, =0
Zero




u”y, +u'(2y; + P(x)y,) =0 setw=u' 163
}

dw dy, . o

ax WA POIYD =0 myltiplied by dx/(y,w)

O\'/‘\’/"+2dy1 +P(x)dx =0 separable variable
Y1 (with 3 variables)

dw

w 2]dy1+j'P(x)dx_

v

Injw|+c, +2In|y,|+c, =—IP(x)dx
Injw|+2In|y,| = In|w|+In|y,|* = In|w||y,|* = In|wy?

Injwy;| = —[ P(x)dx+c



In|jwy?2| = —[ P(x)dx+c

wy? — w700

W — Cle_'[ P(x)dx / y12

e—I P(x)dx

u =J‘de=c:1.|-dx+c2

—I P(x)dx
—————dX
x)

yz(x):yl(x)jeylz(

164

We can settingc, =1andc,=0

%4

(F1% AP 8 ux) ehp oo © 2%
7 & 5 42y (X) T #pindependent
ey — 1 fF)



4.2.3 3|+

Example 1 (text page 131)

y'—y=0

We have known that y, = eX is one of the solution
P(X)=0 y,(x)=e"[ce®dx= —;ce‘X

Specially, set ¢ = -2, (y,(x) ¥ & independent of y,(x) T+

Bl C eRE T 1L iE i;{)

X

Yo (X) =€

General solution:

X

y(x)=ce*+c,e”

165
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Example 2 (text page 132) (B X de [Fl A 2%)

x’y"—3xy’+4y =0/ whenx € (—, 0)

We have known that y, = x? is one of the solution
Note: the interval of x
Ifx € (0,0) (x>0), [dx/x=Inx 4=+

1f x <0, jdx/x:ln(—x)
e () = [T = [ 0

= —xz_fxdx = —xZIn|x

y(x)=c;x* +c,x”In|x
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424 & Fia R chp >

—IP(x)dx
(1) B ; X) = X S

g yz( ) yl( ).[ ylz(x)
(2 FF ¥ 28 (F2R) > AV EERY YT H WX WA

(3) w7 P(x) #_ “standard form” — = jig 4 78 0 coefficient term

(4) Fr ¥ 5 singular point =R® 4%

(5) F1% y,(x) €_homogeneous linear DE e “ix & f&”° > #1ru3t
B VETEENM TS RA

—I P(x)dx g ’
(6) 4 [© oy e TR AT ERE R S SRy
1

’Z}ﬁ%"ﬁg



*t4x7 : Hyperbolic Function

—X

sinh(x) = e —e

2
cosh (x) = ex+ze_x
tanh (x) = SiNh (X) _ ex —e~

cosh(x) e*+e’”

_cosh(x) _e*ie*
coth (x) = sinh(x) e*—e™”

_ 1 _ 2
sech (x) = cosh(x) e*+e’”
csch(x)=——1 2

sinh (x) T ef_e X

: - _eX—e ™

L sin(x)=¢ >i
_eXie ™

cos(Xx) = 5

168



5
sinh(x)
(6]
-5
2 (0] 2

cosh(x)

-2 (0} 2

sech(x)

G N 2 0 4 N W

-2 (0} 2

tanh(x)

csch(x)
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sinh (ax) = acosh (ax)

d

dx

d — asi

dx cosh (ax) = asinh (ax)
d

dx

tanh (ax) = asech? (ax)

d
dx
d
dx
d
dx

coth (ax) = —acsch? (ax)

sech (ax) = —asech (ax)tanh (ax)

csch (ax) = —acsch (ax)coth (ax)

170

sinh(0)=0
cosh(0)=1
sinh’(0) =1
cosh’(0)=0

sin (ix) =isinh(x)

cos(ix) = cosh (x)



[ sinh (ax)dx = cosh (ax) +C

[ cosh (ax)dx = sinh (ax) +C

In|cosh (ax)|

[ tanh (ax)dx = +C
- In sinh
coth (ax)dx = n sinh (ax) +C
2tant (tanh(‘;1 x))
_fsech(ax)dx= 3 +C

a
_[csch (ax)dx = njtann(z x)

+C

171
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‘it Linear DE f& 2 e 3¢ (%P & page 149)

Step 1: Find the general solution (i.e., the complementary function )

of the associated homogeneous DE
(Sections 4-2, 4-3, 4-7)

Step 2: Find the particular solution
(Sections 4-4, 4-5, 4-6)

Step 3: Combine the complementary function and the particular solution

Extra Step: Consider the initial (or boundary) conditions
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4-3 Homogeneous Linear Equations with

Constant Coefficients
* & i * auxiliary equation #3732 X % homogeneous DE
KK:[ 2g*z1ljar 1]

4-3-1 *LH)E 2

'L+ E 2. (1) homogeneous

(2) linear

(3) constant coefficients
a,ymW(x)+a, ,y" P (X)+---+ay'(X)+a,y=0

g, 8, &y, ..., &, are constants
(the simplest case of the higher order DES)




4-3-2 fRi2

R RL I

Suppose that the solutions has the form of e™MX
Example: y"(X) -3y'(x) +2y(x) =0
Sety(x) =e™, m2e™ —-3me™+2e™=0

m2—3m+2=0 » solve m

FOUR B NS MMBR s A N

T % 7 VAL 5 auxiliary equation

74
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® ﬁ; /é '/‘n"- %E.

a,ym(x)+a,,y" P (x)+---+ay'(x)+a,y=0

Step 1-1 l
auxiliary function |a,m"+a,_m"*+..-+am+a, =0

l

Step 1-1 Find n roots , my, m,, m, ...., m,
(If my, m,, m,, ...., m_are distinct)
Step 1-2 n linearly independent solutions e™* ,e™* ,e™* ,......,e™"
(7 = & Cases)

Step 1-3 Complementary |y =c,e™ +c,e™* +c,e™ +...... +c.em
function
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4-3-3 Three Cases for Roots (2" Order DE)

a,y'(x)+ay (x)+a,y(x)=0

A 4

a,m°+am+a, =0

—a + \/alz - 4a2ao m, = —& T \/aiz — 4a2a0
roots m, = 2 5
2a, a,
solutions
Case 1 m; #m,, m,, m,are real (29 m,m, 2 4] % real)

m, X
y=ce - +c,e™




Case 2 m; =m, (m; and m, are of course real)

First solution: |y, =e™

Second solution: using the method of “Reduction of Order”

e_J’p(x)dx
Y2 (%)= yl(X)I)/f()()dX

_2mlxe—ja1/a2dxdx

1X

Y, (X) = xe"

_ m; X m; X
y=ce " +c,xe™

177



Case 3 m; #m,, m, and m,are conjugate and complex

— —a, + \/a12 B 4a2ao
2a,

m

=a+ Jp m,=a—}pf

1

o =—a /2a,, ,6’=\/4a2a0—af/2a2

SOIUtlon y = Cleax+j,3X 4 Czeax—jﬂx

Another form:
y =e(C,e* +C,e /)

=e“*(C,cos Bx+ JC,sin Bx+C,cos Sx— JC,sin #X)
y =e“*(c, cos SX+C,sin BX) Cq and C, are some constant

178



Example 1 (text page 135) 179

(@) 2y"—-5y'—3y=0

2m?-5m-3=0, m;=-1/2, m,=3

X

y =ce % +c,e*

(b) y"—10y'+ 25y =0

m?—10m+25=0, m;=5 m,=5

5x 5x
y =ce’” +c,Xe

(C) y"+4y'+7y=0
m2+4m+7:0 m1=—2+i\/§, m2:—2—|\/§

y =e % (c1 cos~/3x +c, sin \/§x)
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4-3-4 Three + 1 Cases for Roots (Higher Order DE)

For higher order case @,y (x)+a,,y" P (X)+---+ay(X) +a,y =0
auxiliary function: a,m" +a, ,;m"" +---+am+a, =0
roots: my, my,, My, ...., M,
(1) Ifmy, #m, forp=1,2,...,nandp#q

(4 JLALE B 513 fomg ek 2 F - B )

then ™| Is a solution of the DE.

& % X #c
.................. e

(2) If thecmultiplicities of m, isk(F:&® 538\ A m, s = 7 k B13),

are the solutions of the DE.
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(3) If both  + jand « — jF are the roots of the auxiliary function,

then

e“* cos(fBx),e" sin(fFx)

are the solutions of the DE.

(4) If the multiplicities of « + j£ is k and the multiplicities of a — |5

IS also k » then

e”* cos(Bx), xe“* cos(Bx), x’e”* cos( BX),

e”sin(Bx) , xe®*sin(Bx) , x’e**sin( Bx),

, X“ e sin (Bx)

, X“ e cos(BX)

are the solutions of the DE.
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Note: If o+ jfis a root of a real coefficient polynomial,

then « — jg is also a root of the polynomial.

a,(a+ B +a,(a+ if)" "+ +a(a+jB)+a,=0
ay, 4, Ay, ..., @, are real
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Example 3 (text page 136)

Solve Y"+3y"—4y=0

|

Step 1-1 m*+3m*—-4=0

Step 1-2 3 independent solutions: e*,e™", xe™”

Step 1-3  general solution: |y = c,e* +c,e ** +c xe >




Example 4 (text page 137) 184

Solve Y (X)+2y"(x)+y(x)=0

/

Step 1-1 m*+2m? +1=0
(m? +1)? =0 four roots: i, i, —i, —i

Step 1-2 4 independent solutions: cosx, xcosx, sinx, xsinx

Step 1-3 general solution: [y = ¢, cos x + ¢,xcos X + C, Sin X + C,XSiN X




4-3-5 How to Find the Roots

18

(1) Formulas

2 2
a,m°+am+a, =0 :>m1:—a1+\/a1 438, :_ai_\/al — 43,8,

2a, 2 2a,
a,m®+a,m’+am-+aq,
—— moseT-2
| m, =—2(s+T)- 3a il/3(s-T)

Solutions: a
my =—2(S+T)— i 3/3(S-T)
S=%/R+\/Q3+R3 ., T = \/R— '+ R®
Q_1a1_a22 R:9a1a2—27a3a0—2a§

~3a,; 9a’ 54a’



(2) Observing 1686

blde t 1ETE S root — 5 EfrEE 50

X . 3m3+5m2+10m—/41
factor: 1,3 factor: 1,2,4

possible roots: £1, +2, +4, £1/3, £2/3, £4/3
test for each possible root > find that 1/3 is indeed a root

3m +5m? +10m —4 = [m —%)(sz +6m +12)
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(3) Solving the roots of a polynomial by software

Maple
Mathematica (by the commands of Nsolve and FindRoot)

Matlab ( by the command of roots)
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4-3-6 j\aﬂ'%,iimk, =

(1) ;x & # 12 4v conjugate complex roots ¥

(2) B f2 % P& > &% “General solution” 3 1 %
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Exercise for practice

Sec. 4-1: 3,7, 8, 13, 20, 24, 29, 33, 36
Sec. 4-2: 2,4,9, 13, 14, 18, 19
Sec. 4-3: 7, 16, 20, 24, 28, 33, 39, 41, 50, 51
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