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Introduction to Digital Speech Processing

4.0 More about Hidden Markov Models

References for 4.0
1.6.1-6.6, Rabiner and Juang, 2. 4.4.1 of Huang
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Markov Model

» Markov Model (Markov Chain)
— First-order Markov chain of N states is a triplet
(S,A,n)
+ Sisaset of Nstates
. Ais the MX VN matrix of state transition
probabilities
RGNG 7~ G 7K - )=P(GEN G
. mis the vector of initial state probal
W/':/D(qf/y
- The output for any given state is an
observable event (deterministic)
- The output of the process is a sequ
of observable events

A Markov chain with 5 states (labeled S, to
S;) with state transitions. 2


http://ocw.aca.ntu.edu.tw/ntu-ocw/index.php37/info/copyright_declaration

Markov Model

. An example: a 3-state Markov Chain A

- State 1 generates symbol A only, 0.6
State 2 generates symbol B only,
and State 3 generates symbol C only
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0.6 03 0.1
0.7 , !
A =01 07 0.2
il 0.2 il SEE
03 02 05 R C () |
=04 0.5 o.%j
— Given a sequence of observed symbols O={CABBCABC}, the

only one corresponding state sequence is
15,5,5,5,5.5,5,5,}, and the corresponding probability is
P(OM =Pg,=5) AS,/S)PS,/S)AS,/S)PAS/S)AS/S)AS,

S)AS,/S)
~0.1[X0.3[X0.31X/0.7[X0.2[X/0.3[X/0.3[X0.2=0.00002268
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Hidden Markov Model

HMM, an extended version of Markov Model

- The observation is a probabilistic function (discrete or
continuous) of a state instead of an one-to-one
correspondence of a state

- The model is a doubly embedded stochastic process with an

underlying stochastic process that is not directly observable
(hidden)

. What is hidden? The State Sequence

According to the observation sequence, we never know which
state sequence generates It

. Elements of an HMM {S,A,B,x}
- Sis a set of Nstates
- Ais the MXINmatrix of state transition probabilities

- Bis a set of Nprobability functions, each describing the
observation probability with respect to a state

- mis the vector of initial state probabilities
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Simplified HMM
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Hidden Markov Model

Two types of HMM’s according to the observation
functions

Discrete and finite observations :

- The observations that all distinct states generate are finite in
number

V={V,V,V,...... ,V i}, vV, ERP
- the set of observation probability distributions B={6(v,)} is defined
as b{v)=AoV,|q7), 1<k<M,1</<N
0,: observation at time't, q,. state at time t
for state j, b{v,) consists of only M probability values
Continuous and infinite observations :

- The observations that all distinct states generate are infinite and
continuous, V={v| ve R}

— the set of observatlon probability distributions B={5(v)} is defined
as b(v)=P(a~v|q7), 1</<N

2 517%%)}; lc%n t/nuF(uLsffro gg 5tsy d ,ﬂ fun on gnc}(' [7.; (%ten
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Hidden Markov Model

Tu BEK B R B R
« An example: a 3-state discrete HMM A o5
0.6 03 0.1
A=0107 02 ={A:.3,B:.2,C:.5}
03 02 05 0.3

0.3
4(A)=03,4B)=0.2,4(€)=05 SZN
5A)=0.7,5B)=0.1,5(C)=0.2 :

A(A)=03,4B)=0.6,4(C)=0.1 % [
:r:[O.4 0.5 O.l] {A:-7,B:-1,C{M}3,B:.6,d@®®@\

- Given a sequence of observations O={ABC}, there are 27
possible corresponding state sequences, and therefore the

corresponding probability is

0.7

A), g .:statsequence
/{ /

eg wheng {525253} POla, 2] :P(A‘Sz)P(B‘SZ)P{ c|s,| =07+ 0.1 0.1=0.007

PQ]/M): h =S, )p 2‘52)/7(%‘52):0.5*0.7*0.2 =0.07 7
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Hidden Markov Model

 Three Basic Problems for HMMs
Given an observation sequence 0=(0,,0,,.....,0;), and an HMM

A =(A,B,n)
- Problem 1: B
How to efficiently compute P(O| A) ?
X| Evaluation problem
- Problem 2:
How to choose an optimal state sequence g=(q,,9.,...... :

Gr) ?
X Decoding Problem —

- Problem 3:
Given some observations O for the HMM A, how to adJust

the model parameter A =(A,B,x) to maximize P(O| A)
X Learning /Training Problem



Basic Pr m 1 for HMM

@_.@_, ............... _>® A= (A, B, m)

O = 010,03 -***0¢*****O0bservation sequence
q= g0z "G - qrstate sequence

X Problem 1:Givenand O, B
find P(O}=Prob[observing O given]

sequeRnEeNy s P(0,q|N -3 P(Olg,\) P(q)

allq all q
P(O\d,%)
ﬁ

(O) = 2 ([bg,(0n ¢ --e-by (0r)]

all g
[7qy* Bay05° Bz * " Qa0 )
Il
P(q|#)
total number of different g :'N
huge computation requirements

Direct Evaluation: considering all possible State
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Basic Problem 1 for HMM
» Forward Algorithm: defining a forward variable ou(i)

O(t(l) — P(O]_Oz ...... Ot’ qt: ||)\)
=Prob[observing 0,0, -0, State i at time tj\]

- Initialization
a4(i) = miby(o1) , 1 <i <N

- Induction

- Termination
— N
P(O[n) =i§1aT(i)
See Fig. 6.5 of Rabiner and Juang

- All state sequences, regardless of how long previously, merge to the
N state at each time instant t 10
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Basic Problem 1
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Basic Problem 1

& ati/) L)
f4-- - - - (_ﬁ:)__ a,(i) = P(o,0,...... O, Jy = i|A)
@050
[
4

12
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Basic Problem 1
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Forward Algorithm 13
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Basic Problem 2 for HMM i
e Problem2: Given) and O = 0,0, -0y, find a best state sequence g = q;° g BEARRARE

« BackwardAlgorithm: defining a backward variable p(i)

Be(i) = P(Ow1, Ow2, ", OT |G i, M)
= Prob[observing o1, Owa, ", Orlstatei attime t, A]
- Initialization
e =1, 1<i <N (Brali) = 2 3 blor))
- nductlcgn
Bel i) :élaij |%(0t+1)|3t+1(j)
t=T-1,T-2,--,2,1, 1<i=<N
See Fig. 6.6 of Rabiner and Juang

« Combining Forward/Backward Variables
PO, k=i )
= Prob [observing 0, 05, ***, O, ***, Op, Gt =1 [\ ]

:at()st(g N
P(O[n) = X P(O, g =i [r) = X [o(i)Beli)] 14
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Basic Problem 2

] E,@t(/)\).l | B.(i) = P(O4s15 Opagse--, O7|q= 1, M)

0 RO
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Backward Algorithm 16
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Basic Problem 2

L@gﬂ , .é:lgt(/) L)
i 2 PO, q.=i )
a,/) T J |- = Prob [observing 0,,0,,...,04, ...,0¢,G, =1 |\ ]
“ t = i)l

(NMM) M(NMMM 5, )
(57

X))
mmg »WW M MMN

//
2l &)
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Approach 1 - Choosing statdgdividually as the most likely state at time t

Define a new variablé(i) = P(qt =1 | 0,

(i) = el ¢ _ﬁ?ﬂ_ )

T 0yi)ei) POP)

-Solution
Ge'=arg max«(i)], I ¢ T
mfact
G"=arg max P(0, g= i[1 )]
= arg max [ i) (i)
-Problem

maximizing the probability at each time t
devigtialdynay not be a valid sequence

(€.8. a*q.,* = 0)

19
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» Approach 2 — Viterbi Algorithm - finding the single best sequence
q=q "™
- Define a new variable &4(i)
6t(l) [MaX P[qlan: qt-l: qt: ia 013023“°)Ot P‘]

Q359" A.q

Basic Problem 2 for HMM

= the hlghest probability along a certain si ngle path ending at
state i at time t for the first t observations, given A

- Induction

dera(]) = max [O¢(i)ag] + bj(Owa)

- Backtracking
Pea(]) = arg max [oi)ay]

1<i1<N

the best previous state at t- 1 given at statej attime t
keeping track of the best previous state for each j and t 20
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Viterbi Algorithm

©o80

1.(1) = max P[q,,05,...0¢.1, 9;= |, 04,0,,...,

9:,9,,
eee{ ¢

21
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Viterbi Algorithm

Path backtracking QR p*

22
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« Complete Procedure for Viterbi Algorithm

- Initialization
51(1) = mbi(o), 1 <i <N

- Recursion

Ser1(]) = max [O¢(i) ] « by(oy)

1<|<N

2 <t<T, 1<j<N
Weea(j) = arg max [de(i)ay]

l<i<

2<t<T, 1<j<N

- Termination
P* = max [or(i)]

Gr™ = arg max [or(i)]

1<i=<N

- Path backtracking
G = Yera(q e, t=T-1,82,--.2,1 23
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&Application Example of Viterbi Algorithm
- Isolated word recognition

Ao =(A, By, Th)
?\1 :(AlﬁBl’T"-l)

A, =(A4,B,,TT)

observation

0=(qg,0,.0)
k =argmaxP[O|A] ~argmaxP |A]

1<i=<n 1<i<n

0 i

Basic Problemakic Problem 2
Forward Algoiberpi Algorithm

-The modet alithddehisingse pesbabtity for the most probat
usually also has the highest probability for all possiblg path
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o Problem 3: Give O and an initial model A=(A,B,x), adjust A to maximize P(O[\)
- Baum-Welch A lgorithm (Forward-backward A lgorithm)

- Define a new variable
€di,j)= P(x=1i,qw1=j|O, A
OCt(.) dij bj(0t+1)[3t+1( )
N

See Fig. 6.7 of Rabiner and Juang

- Recall w(i) = P(qt=1i]0, 2)
TZlyt(l) oected number of times that statei is visitedin O fromt=1tot=T-1

ex
= expected number of transitions fromstatei in O

T-1 L
tgl e¢(i, J) = expected number of transitions from state i to statej in O
25
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Basic Problem 3
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Basic Problem 3

09 59 B9 59) _ 5959, B,= 59| 59)
Bl 5=,
NM(MN & 5969)

| 25 g7 = BT 9 T T ) T, £

Zw (MNMN( N+1)NN+1(M

p=f-1
& 559, 5,.= 59, 9, = 59 57)
55X 59)

= & 59, = 5 59, )

:Z(NN:Z’NZ+1:M‘WM)

28



Mational Taiwan University

OpenCour‘sewa & -

o 2K BB B

Basic Problem 3

/ ¢
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-
(for discrete HM M) éﬁt(j)
» Continuous Density HMM
by (o) :k%ICjkN(C); Uik, Ujk)
N( ): Multi-variate Gaussian
ujk: mean vector for the k-th mixture component
Ujk: covariance matrix for the k-th mixture component

M
2 Gk=1for normalization 30
k=1
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Basic Problem 3 for HMM

e Continuous Density HM M
- Define a new variable

w(j, k) = w(j) butincluding the probability of orevaluated in the k-th mixture
component out of all the mixture components

_(ouj)Belj) [ de(Ot; Wik, Ujk)

\

©080

See Fig. 6.9 of Rabiner and Juang 31
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Basic Problem 3 for HM M
 Continuous Density HMM

B [MI(J) k)°0t]
Wik = tle — —
5 W, K
i %[ (. Ko 1 (or 1
Ujk = - _
tZzlyt(J, k)

o |terative Procedure
= (A, B, ) > L=(A,B,m)

- |t can be shown (by EM Theory (or EM Algorithm))
P(O[n) =P(O|)) after each iteration 32
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— Z[ Yl /,k) |0l

U, = t=1 _

/ Z)/t(/,
t=1

.

_ Z[yt(/.ak)(ot i) (0 i) |

Uj/( =X

prob. density function

A —?‘ﬁg L_ Zgl _ZNNI
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A :
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f = E(
U= | B
2 "&NE
@080 L ' |
U = E[Oc — X)) O — X))

[x1 — X1, X3 — Xp,
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Basic Problem 3 for HMM

* No closed-form solution, but approximated iteratively

* Aninitial model is needed-model initialization

* May converge to local optimal points rather than global optimal point
- heavily depending on the initialization

* Model training

‘@ GJ@\

35
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Basic Problem 3

D Global optimum
A,
Llocal —
optimum
N @080
Mjkn

36
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Vector Quantization (VQ)

 An Efficient Approach for Data Compression

- re#.la.cing a set of real numbers by a finite number of bits
« An Efficient Approach for Clustering Large Number of
Sample Vectors

- grouping sample vectors into clusters, each represented by a
single vector (codeword)

« Scalar Quantization
- replacing a single real number by an R-bit pattern
- amapping relation

| | | Jk l |
| | | I [ |
- V, A=
ézz uJ, ,V ={v,,V Vv, } m, —Quantization characteristics
o ko 15 Y25 0 VL
Hles v (codebook)
Q(X[n]) =V if X[n] < Jk {Jl ,Jza X} JL} and {Vl s Vg s eeey VL}
| = JR designed considering at least
Each v, represented by an R-bit l.error sensitivity 37

Nnattarn 7 nrobabilitv dictribiition of x[nl
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Vector Quantization
Scalar Quantization : Pulse Coded Modulation (PCM)

01 1] o
_. quantization

©0809

100100101110

38
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Vector Quantization (VQ)

2-dim Vector Quantization (VQ)
Example:

S ={x, = (X,[n] , X[n+1] ) ; [X[n]| <A, |x[n+1]]

<A}
‘VQ —Considerations
-S divided into L 2-dim regions 1.error sensitivity may depend on
{J,,Js=Ud,,...J, } x[n], x[n+1] jointly
k=1 2.distribution of x[n], x[n+1] may
be correlated statistically
each with a representative 3.more flexible choice of J,
o - Quantization Characteristics
vectorv, € J,,V={v,,Vv,, ..., v } (codebook) o -
-Q:S=V {J,,d,,....,d tand{v,,v,,...,v, }
Qxn)= vy if X, € Jy
L=2R

each v, represented by an R-bit pattern 40
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Vector Quantization
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Vector Quantization

// [ g%;’ff v

42
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Vector Quantization
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Vector Quantization (VQ)

N-dim Vector Codebook Trained by a Large
Quantization Training Set
X = (Xg 5 Xy s eney Xy ) -Define dlstance measure
S={X= (X, Xy 5000 X) 5 between a
>=U J, two vectors x, y
| X [< A, k=1,2,...N} d(x,y):SxS— R* (non-negative
- = = o real numbers)
V=1Vi, vy Vi -desired properties
Q:5-V. d(x,y) =
Q(x)=v, if xe J, d(x, ): - T
L =2R, each v, represented d(x,y)=d(y,x)
by an R-bit pattern d(x; T)+d(y ) > d(x,2)
examples !
d(%y) =36 y)? -~
d(x,y)=2|x-y] 44
d(x,v)=(x-v)t 31(x-v)
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Distance Measures

559,5=Y | 5, -7, city block
X

distance
0y
—-® ©reLe)
5 59, 5= (57597 5 ( 59~ 57) Mahalanobis distance
S
S|l s AT BN = (9, L)
Ke .- 1] &
P s O | (59,,~ )
S 1g§ ."'&WMC,N(N,MFZ N =y
6 | X MZ

45
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Vector Quantization (VQ)

« K-Means Algorithm/Lloyd-Max Algorithm
|

) N
) ixed{J,,Jd,,...,Jd, }
Fixed { Vi, V,, find best set of
'_'_'TVL } {\_/1, VS VA } reys
- find best set of O
(1) J, = {§< {dX My ) 5,did, v(B) Gonvergence condition
) # K} D=5 D,

~D= d(x,Q())= o
k after each iteration D is
reduced, butD = 0

condition a D(imﬂ) D<€, m:
‘Iteratye Repdedure to Obtain'tec;agl%bk from a Large 16

rainine Set
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Vector Quantization

47
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Vector Quantization (VQ)

- K-means Algorithm may Converge to Local Optimal

Solutions
- depending on initial conditions, not unique in general

« Training VQ Codebook in Stages— LBG Algorithm
- step 1: Initialq';ai_ioifix:j train a 1-vector VQ codebook
N 75

— step 2: Splitting.
Splitting the L codewords into 2lagpsieyords, L =2L

* @Xd rm(pgk:t'l'l' 8) Vk(l) =V«
— ) - v.'2: the vector most
Vi =Vi(l- €) " far apart

— step 3: k-means Algorithm: to obtain L-vector codebook
— step 4: Termination. Otherwise go to step 2

» Usually Converges to Better Codebook 43
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LBG Algorithm

o , ., ’@' ‘@ G)@@\

49


https://creativecommons.org/licenses/by-nc-sa/3.0/tw/

Mational Taiwan University
’ OpenCourselWare

Initialization in HMM Training Fro 5K Bt A

« An Often Used Approach— Segmental K-Means

- Assume an initial estimate of all model parameters (e.g. estimated by
segmentation of training utterances into states with equal length)

For discrete density HMM

For continuous density HMM (M Gaussian mixtures per state)
= cluster th observatiovectorsvithin eachstatg intoasetof M clusters
(e.g.with veatrquantiziatn)
C;, =numbeof vectorsclassifiedin clustemof statg
dividedoynumbeof vectorsn statg
u;,, =samplenearof thevectorglassifiedn clustemof statg

2. . =samplecovariancenatrixof thevectorsclassifiedin clustemof statg

- Step 1:re-segment the training observation sequences into states based on
the initial model by Viterbi Algorithm
— Step 2: Reestimate the model parameters (same as initial estimation)

— Step 3: Evaluate the model sco§ P( [A):

If the difference between the previous and current model scores exceeds a
threshold, go back to Step 1, otherwise stop and the initial model is obtained 50
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Initialization in HMM Training

« An example for Continuous HMM
— 3 states and 4 Gaussian mixtures per state

State

O—0— 0

iodorers

{Mlzazlzac } {Mllazllacll}
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o
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Initialization in HMM Training

« An example for discrete HMM
- 3 states and 2 codewords

e @§—0—0 -0 -0 -0 -0 ,0—0—@

peEt

REEEREREEEYEYEE
Vv, ]
b, (v,)=3/4, b, (v,)=1/4 v.e 1o
b,(v,)=1/3, b,(v,)=2/3
b,(v,)=2/3, b,y(v,)=1/3

53
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Lawrence Rabiner, Biing-Hwang Juang /

FUNDAMENTALS OF SPEECH RECOGNITION Chap. 6, Sec.
6.2 Discrete-Time Markov Processes, page 323, Prentice-
Hall International, Inc.
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