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Chapter 5

R"™ thfy Topology

5.1 Compact WSV

b WHTE TRV B 0 BB RTEE R TR -
Bk > HIR T s 2 (REEERL % H 2 € — Heine Borel FH :

4 [, b] $e—HRBAER] F AT > A [a,b] B9 F B EREMATER -

BRI B Compact ST -
Compact £{HEFF 2
KPR 5 | SRELAR - AT T LA - R |-
FFREIR B4R 2 17— e TES AR A - B EmtaR © AREUR IME - B MEETE - BAcfE
< oo BUIME > 0 OURBRAE - K30 : SEESAETth AT LUBE LFFAR - B inf » B sup - A iB{REE
Wi > R inf FTEER 0 > sup FTASRLERTA » BAAES |
KB - kT DU B P AR TEEF 2 IR - 7L TSRS 3 « U - BSOS | (5
FLFHEE ¢ B compact » FEFRBE  HE S | =
B » BT - ARSI - 33 compact » BN BT S - AL iES
T ] R -
RIEETIVE compact » FEFIRELS4TE - SR — e SRS T BTN - FLMe
FACHIE - EAA BT - TSRS - MR M - T RN - R s
..
ra#awm&% BAWTHIE  FEARLIBE S > BEELUEF: -

T RHETREE - rTERAZ5F -

i

5.2 Topology

FERASES Bt/ b FHETRERK - RS - 18R - BEETRAR) - 1
RIS - ERGILOHBIETE - WEERE -

—_



A E AT A AR FUKZE PR — B R RV AEE - IR EREIE - TolEBie > AT B et
TELETT  IMARER B e E G PAEIE © RS 1 (B2 2 I AH BE i B2 0
AEE M -

IRIEAN AR e 2 EAEBR - A R AR - BERE > MENEETY > A AV
PRE S o BB B A S - (R EE SR R -

Ffied Topology > BLE EAEIHMB RN ET - PIFFINENEE - Topology — » I CEE(E
BEER > BEEE > HOGRFUMHE > 2R B ERE -

plranirife b o THEE 2% + | = 2> —UIZ SRS - #5A BEuler Fi## - £
Topology HJHROE T » ERFIIELEZ AGHESE > [NEEEKHY Euler FrEEUE 2 - IRz T8e £ T
HZE— iR - B Buler FEECE 0 - Bt tiilimisAeiEs - EMAY Euler FrEEED
&0

AN EAWEEZN - REEEA A - SR AR - 882560 > BE NS ENE
5552/ VAERENE - RABERFHIREE > ARBD » NERR - A5EE  RIRR
HARER » SUrARERTAEUE - (RE ] DIEIEFIMM S LA G200 - MRS ELEr
25~ IEFRAEHEMG ? BER R REEE -

VS LRI n B BRI R 8 > el R B2k 2R  Swit YR 8 ] DU
it > ERUE E MR E AR FELZ R - SR ERYEE A R /DA R (EE -

5.3 R" §11Y open set

Topology {SEBSREATEAVIB G » (AN 2 R+ RILTL - BETAREE T - (RIHHT
HEIRGEERAGRAI A » 1B SRR B AL RAYADIE -

FFRERIHE 2 R (AT RS - THEE | R T -

Definition 5.3.1 xeR" r>0> EE

B.(x) ={yly eR", [y — x| <r} (1)

FEELL x Bl o R r (9BEER (open ball) ;

Co(x) :={yly eR", ly —x| <r} (2)

FEEDL x Bl R r BYEAER (closed ball) ©
S fy = x| = (S0 s = a) o = @z 2a)y = (g on) » %,y PGB
PHEE -

Definition 5.3.2 V C R" f§ &Bi£E (open set) » HH EEHMEE xe V BEEE r > 0 f
B,(x) C Ve



Bl 0 RS R BFESE © (0,1),(—00,0),(1,00) ¥95 R VAL © B (x),r > 0 f R™ F11y

BRISE -

Definition 5.3.3 F C R" A&EAEE (closed set ) #5 H Bty F© BFREE o

BHEE o Cantor set By R FAJEHEE -

PAEEEAR S B AW T EVRAE - IERAME BRI EE 5 — AR EE I Topology HYELEE -
Theorem 5.3.4

(a) (EEPASEATBREIAL RS -

(b) FESERIERNT S F AR -

M (a) 3 (V)A€ A B—iRBISE - A=y, Vi
x€eA = INeAffixeV,
Vi Byopen = Jr >0 B.(x) CVyC A
. A By open O

(b) 3 Vi, Ve, Vi B open > B = (Y, Vi -
xeEB = xeV, Vs
V; open = Jr; > 0 {f B, (x) C V;
B r = min{ry,ro, -1} > Al B.(x) C B, (x) CV; Vi=1,2,---n
= B.(x)CN_,Vi=B
. B By open [

HEM 5.3.4 FHYG SRS - B LEE -
Theorem 5.3.4

(a) (EREBSRATS IR R -
(b) FTEE A e S F PR -

Remark:

(i) MESFHENERNBBAE Bl I, = (—, ;) BE%E YR =1,2,--- ~HN2, I, = {0}
JEFALE -

(if) B (EER AR RN B R » B J, = (21— 1) Bppse - 8 U, J, = (0,1) 50

%

Definition 5.3.4 Zf ACR">



(a) x € A TR A BYNEL (interior point) #5 Ir > 0 i B.(x) C A -
(b) A° = {x|xf A BYNEL} 1B A BYANEE (the interior of A) °
Bl

A=0,1], A° = (0, 1)
=1[0,1] FAVEHELEE - A° =0

A =10,1] H1fJ Cantor set » A° = ()

Theorem 5.3.3 A C R A° [F &R -

iF: x e A° > Bl x B A Y interior point = Ir > 0 {f B.(x) C A -
Vy € B,(x) > HL o = 3(r — |y —x|)
HIl Bs(y) € B.(x) C A
oy By A By interior point > Vy € B,(x)
= B,(x) C A° . A° Fy open O

Definition 5.3.5 A CR">x e R" f§ A [ limit point > 75 B,(x) N A —{x} #0 Vr >0

Remark:

i) BB(x)NA—-{x} #0Vr>0-%r =1 {FH x3 € B,(x)NAx; # x° ¥ rp =
txi = x| > 3 B 25 € B, (x) N A — {x} > Al x0 # x1,x ° ¥} 3 = §|x2 — x| < 55 {EHL
x3 € By (x) NA—{x} > [l x5 # x1, %0, x o {RICIENHE > DABUEEES > S54RSS {x,} C 4>

X, — XH n— o0 -°

(ii) limit point HHYEAUMT accumulation point » HHYIE T B cluster point » FeiEiE > Fy b
Bh o R EEAYRES, - B fERIRAY limit HRER] - GINES] : {z,} ={0,1,1,1---}»
1 =0, 2, =1Yn> 1> limy, 00z, = 1 » JLEGIHIBE LA RIEE A = {0,1} > 1 JE A #Y
limit point ° sequence HY limit FIEEEHY limit point AH| » EEHTEE -

FHZ cx e R" By A B limit point < 3{x,} C A> x; #x; Vi # j > fF lim, 0o X, =X ©

Definition 5.3.6  x € Af# R A YIRS (isolated point ) FH{FLE r > 0 {f B, (x)NA—{x} =
0 (BN Br(x)NA={x}) At {Ffo] AIIILEEERRZ A #Y limit point.

Definition 5.3.7  ACR"»
A= {x|x € R",xky A #Y limit point} (3)
TRy A derived set - FRih Hig 2 FylERREEES -

Theorem 5.3.7 A C R"™ £ closed & A D A’



if ¢ (=) A By closed = A By opencgx x € A > Bl x B A Y limit point » HI] x ¢ A€
=xcA ADA

(<) AREE A By closed » BlIZE A By open > x € A°> i A D A" . x JE A HY limit
point
=3>0{ Bs(x) NA—{x}=0°-x¢ A . Bs(x)NA=0> B Bs(x) C A® . A°
5 open ° [

Theorem 5.3.8 A" &BEAE VACR" -

ik : (1) /A =088 A BEFE -

(i) #5 A" # 0 FFIEEE A’ D (A) > AIfKER 5.3.7 » A" Ky closed -
< xo £y A" 1Y limit point > Rl B, (x0) VA" —{xo} #0Vr > 0 - {LHl y € B,(x0) N A’
Yy#X0.y €A = Bs(y)NA—{y}#0V5>0-Hld %\ {# Bs(y) C Br(x0) H
xo ¢ Bs(y) » 140 6 = §min{|y — xo|,7 — [y —xo|} ° Al 3z € Bs(y) N Az # y,xo
=z € B.(x0) N A—{x¢}
. By (x0)NA—{xo} #0Vr >0>..x¢ s A limit point » Bl xg € A’ -. A’ D (A"
fei - O

H—HEE - 2 DAk sz DA oy Bk 0 2z BF 0 BE B (%) FTEER -
Bl Ay ={1,5,5,---} A ={0}0¢ A .. A JE closed -

Ay ={(z, )0 <z < 1,0 <y < Lz, y/AEE} > Ay =1[0,1] x [0,1] Ay B A5 - Ay JE

closed °
As = BB » Ay =0 A3 D AL . As Fy closed ©

Ar={(z,y)0<y <L x>0} B (0,1)e A H (0,1) ¢ Ay .-. Ay FE closed -

Definition5.3.8 A= AU A fi5 A 1YEE (closure) o
Theorem 5.3.9 A A closed °

iF 0 2 x B A [ limit point > Bl
(i) x B A 1Y limit point - B,
(i) x B A’ 1Y limit point

() T Hlxe A = xec A
5 (i) 1 (R A" By closed . x € A/ C A
xe A A B closed - O



Remark: 5% & FEHE A = ({F|FE closed, F D A} o " EFEHEN - &

HHZ -

Definition 5.3.9 A /& perfect » 75 A=A -
Perfect EEE5EFE » KIFT A= A"
x € A& x B AR limit point |

AR AR - A A RE - #EE [0,1] 5835 0 (0.1) BEASER THE 2 A (0,1)

WiR5ESS - D T EAIRTEL - R 5 R KM |

B -

Cantor set %17 ? R" 1§y Cantor set #B/ perfect | LUFEELL R? S8 -

[0, 1], [0, 00), (—o0,0] &#iZ perfect o
Cr(x), 7 > 0 By perfect °
B,(x), r > 0 JE perfect °

N BHZAEEETE perfect -

R™ f perfect » {5 R™ FHYHEEBEIIE perfect - (BBE _F R™ 1Y Countable BLEE

EJE perfect » 55 REFE 5.3.10)

Lemma 5.3.1  [0,1] 7Y Cantor set E £y perfect °
T

1.

FE10,1] - BRIBE (3,3) B -
FISUTHIE [0, 5) FIEE (5. 5) » B [5, 1 FZE (G, 5) - R

WRILAHE - DIBURES - 3255 n KAVEREE Ry
F —U[n]a n]—anjabn]]

fIl Cantor set E = (", F,

. x€E=zeF,Vn=%TEn3j#Ezela., b

@y = an; € E, |I,| = |byj — anj| = 3z = 0
San — x| < || = 0F n— oo
c.x By E AN limit point » B[] £ C B’

5. X E Fyclosed » B/ C E -, E = FE'> perfect | [J



Proposition 5.3.1  R? d1fJ Cantor set / perfect o
ST B R R S =

(a) {1E R PAVEmAL -

(b) E? =Ex E» E J [0,1] 1/ Cantor set = FFIFEEE F &y perfect » RA] LA Z =50 °
A, B Fyperfect » A, B# 0> A BCR>H| Ax B B R? 1y perfect set o IR 45 [E

X9, 5 SISTH
BEEE -

Remark: Fift (a) iR (b) W{EJT/EAEATHEEES] R™ o - f R™ 1 Cantor set £y perfect set e
Theorem 5.3.10  R" HHAYIEZE perfect set A £y uncountable o
ST 3 A B R™ J1fY perfect set
1. A#( - 3ae A- A B perfect set .".a B A HY limit point » & B, (a) & A g% -
fEHY x0, %1 € By,(a) N A—{a}, x¢g # x1

2. Xo,X1 € A, A B perfect .. xo,x; £ A B limit point » {5_EZmak - B ry < min{%, %|X0 —

x1|} > HI By, (%x0)N By, (x0) = 0 H 3x0,0,%01 € By, (X0)NA—{X0},X00 # Xo01 * IX1,0,X11 €
By (x0) N A — {X0},X1,0 # X11

3. (i 1 AYEm a3 BIVE Y Xo0.0, %01, X1,0,X1,1 > HL 12 < min{%m %|X0,o — X0,1,X1,0 — X1,1]}

53 4 (HEAHAZHERES > SEPkEEE S A PAHENE > 50l 5
X0,0,0, X0,0,1, X0,1,0, X0,1,1, X1,0,0, X1,0,1, X1,1,0, X1,1,1, (4)
i FIFIER O — B AV BEATRERE <

4. (RICHAHE - DIEURES - SRIPEYIEDRAT -
B on+ 1 AU IELES 0 A RORVEERE < o5

5. FRGIRIEBTE M - S x . BEEVE S 2B - SEEREH a BEROA - kit kit kok kok () -
SEEREEL T — OB TEMEIRAVERS - Y 250, o < oo v TEEREEHIAYELY R — Cauchy

Sequence

6. Jtt Cauchy Sequence Ux@F]—8k - LR ATHTFES] [0, 1) MIE R B FoRAYAHERL » It
HER 1-1 > 8L A BAAE - T ACRY - #A=c (BEHVEED O

5.4 R" 1y compact sets

EE 4.1
ACR" F B R Bfy—j%EFSE (Family of open sets) » Feffifg A #f F BZE (cover) &



Vie AV e FlfizeV:
F ik A Foy—{EREZE (open covering)

T 4.2

FMfE A B compact » ZHEHEE A _EAY open covering [H{F{F A &2 { subcovering Z{E A »
Bl 3{viti, c FEACU, Vi

Bl 1:

B 2:

1 3:

B 4:
{5 5:

1] 5:

N REZHE ' ,
Ik:<k 2k7k+ )k:1a2a

B N _EAY—{# open covering » {HA{ELE finite subcovering > .. N JE compact °

A=(0,1) o
F = {( )| _1727"'}

B F kB A _EHJ—{E open covering » {HN{EA(F finite subcovering .©. A Jf compact °

7224 () By compact ©

R" KEIJE compact °
[a,b] By compact > 3572 Heine-Borel JEHVAZ o

A = {3|k € N} JE compact e

A
=2

1 1 1 1
Li=(-— 4= =[]k

H] F B A _EAJ—{E open covering » {HAR{ELE finite subcovering

A P B=AU{0} B compact °

ax F By B _AY—{E open covering

0eB=3IVecVifoecV

V open = 315(0) = (=4,6) C V

HILOINFE 1 <dE k>N

Bl + € I5(0) CV & k>N

B hEEAY V FrEENE T RRERE 1 5, 0 BB F o (E
open set fiff7E 2 » [RHLIELE open sets fI.E V ¥iZE{E T B » & B £y compact °

il compact » FTAEERHETES |

compact JEiEfFEZE Y HE—FEE5EE F compact ?

RIES » FRERRLER open covering $, finite subcovering » {LISEAR E— A REEEZAVE - H
REERE T ERINE A IESERHE 7

HI1ER f1o

Compact = Bounded + Closed.



ERE R NN

WIEEEIR - PP LAHE * R™ FHYRABR Ky compact » Cantor set £y compact » BAEwAGHES &y
compact > [0, 1] FHIEEEEEETIE compact REIE closed @ B,(x) FE compact [RIEIE closed »
Sy ={(z,y,2) € R¥|2? + y* + 22 = 1} Ky compact » [RH & bounded and closed

Sy = {(z,y,2) € R*|z* + y? — 22 = 1} JE compact » [NEIE bounded (EEiHHif )

EH5.4.1 compact = bounded and closed
alk
(a) bounded
% A C R"™ B compact » &

F={Bi(x)|x € A}

Il F By A LH—{E open covering » F{E finit subcovering {Bi(x,) Y, HET A
< R =14 maxj<<1{||x:||}

Al A C Bgr(0) » i A /A% - O

(b) closed
A1 E o BREE A° By open
BTE y € A° EE

F = {Byjpey)(x) [ x € A}
R F F A _EAJ—(@E open covering >
A Fy compact = Jfinite subcovering {B,, (x;)}i; ZET A Hipr, = S|x — v
H{ 6 = miny<;<p{r:}
HI Bs(y) N By, (x;) =0 Vi=1,2,--- k
= Bs(y)NA=1
. Bs(y) C A°
Bl A¢ By open » -, A By closed » [J

TEH 5.4.2 bounded and closed = compact

FEREIHAE [ E R 2 A - TR Pepilt— T R ey e -
JEFE 5.4.3 (R" HYTBREEH )

% Qr = [al,lmbl,k] X [az,k, b2,k] XX [an,k,bn,k]

= R YR > e
(a) Q1 DQ2D -

(b) limp—oo |bjk —ajx] =0Vj =1,2,--- . n



HIlME—777E xo € R 1 (22, Qr = {x0}
FERER R hEE IR - #is R IR ESEE -

af ¢ Ry THRSEH > R > T ERED R* BflEasE 2 -
FEEHAERICLEFUE R & Heine-Borel EHEHVERR -
Bt ACR? B—HARA% » F FBH —{& open covering >
£ NFAE finite subcovering » FATEFAITREEHEL P EARK - —41 R Jrgmilk -
A FHFEE > 3% A Ca,b] X [c,d]
% Qo = [a,b] x [c,d]

(a) 82 Qo SHUERy » SHR {L}jo > I BEATIER Vi =1,2,3,4
Al ANLLj = 1,2,3,4 BOE—BREER F pERBEER SR ANQ,
1= lag, b X [c1, dy]
by — 1| = 3[b—al |di — a1 = §|d — ]

'EE:HY X € AN Ql
(b) %%E%@fﬁéﬁﬁﬁéfﬁé Q> fﬂa‘ﬁ% Q2 = [CZQ, bz] X [C2ad2]

b2 — as| = 3[b1 — a1| = 5[b — q

|dz — o] = 3|di — c1| = 551d — ¢

ANQ FEEM: F FHEEEDT

FHL xo € ANQy

RIS DLEURES - 573 E {Qr)

Qr = [a, bi] X [cx, di]

lbp —ax| = g5lb—al = 0 |dp — x| = 55|d — | = 0 & k —
QrNA FEEW: F hHEEREEGF

FHL x € AN Qy,

(c) IITHETH > Ixo € R* f (2, Qx = {x0}
M xr € QrNA{xx} CA H limg_,oo xx = {x0}
A Fy closed = xy € A
(d) FEFT Axge A=VeF{fixeV
V open = Ir > 0 { B,(xq) CV
M Qr #ER—8E xo # Q1 C B, (%0) & k R = Qx N A C By(x) CV
EE—E V iEE T Qen A B8 QN A RREN F PAEBHEBIESENERT
J& - O

Remark

e A RE A A AL



compact = bounded and closed

&%y topology HYEmZIL » Bl R™ HYRFIAIERH -

bounded and closed = compact

RIRE T TR EEH - BIEHAYSEHME - 1A R FATRA - fE—MRREEZE[H (metric space )
R 0 SEEEEE -

bounded and closed 75 {fJEE4F ?

FR#%Z Bolzano-Weierstrass T » bounded £#5E A F{F & sequence E/ convergent subsequence
converge Fl] R™ frHBE x

A Fy closed » [FHBE xo ERFEAE A #H

Z e sequentially compact

5.5 Sequentiall compact set

A C R™ f Fy sequentially compact 75 V{x,} C A 3{x,, } H{5

llmkg)oo Xn, = Xo cA

s (ER A TR IR AU s TR -

ER WA R R il > e fEu s ®] A thAtEs > 3572 aequentially compact HYH
i o

Sequentially compact fEpa BT 2B LB R - LHAEREZEM E > BE TR EET
Zlmtd oy TR RHIFAERTE > AESE T »

fl 1: (0,1) JE sequentially compact
. (0,1) JE sequentially compact
1 2: 0 By sequentially compact
R JE sequentially compact (Y x,, = n, {z,} FEWRHTEL51])
f 3: [0,1] B sequentially compact > BRI ( Bolzano-Weierstrass EH )

RHIRFIFINE A I G H T — 852 fy sequentially compact ?
A AE R

sequentially compact = bounded + closed

EH 5.5.1

ACR"H]

A Fy sequentially compact < A 5 bounded and closed °
o



(=)

(a) bounded
#5 A JE bounded - {FH{ xg € A Vn 3x, € A f# |x, — Xo| > n
{x,} C A> A B sequentially compact
= {x.} AR {xn, } o BEE] A RS yo
¥e=13IN{f |x,, —yo| <1 & k>N
Al [x0 — yo| > %0 — X, | — [Xn, — Yol >nx —1 — 00 & k — o0

WA 45 E BEHIRERE — oo | FJE ©

(b) closed
5% Xo £y A BV accumulation point
AIFAE A FAHEERS {x,} > x, = X0 & n — 00
A By sequentially compact = xg € A

oA By closed °
(<) WAL (compact fEZHYEHZR) O
Remark

(a) FibsEmmfma A
sequentially compact = bounded and closed
&li Fy topology HVEm#IL » B R™ FYRFM:-HERE
bounded and closed = sequentially compact RIJFH %] Bolzano-Weierstrass jE# » [HhEH
HEFECHMK - SREEBHTHENE - bR R PRA - £ —RIREEZZHE (metric
space ) FRNFIRKIL - [FIE2FHHE -

(b) ##E## bounded and closed {E&: > FATH £ R™ tf

compact = bounded + closed = sequentially compact

HEm R B R |

E—RCHREEZE s ERNTERAEEBIIE AN - HRIHBE bounded and closed ELHERE F7T
compact Al sequentially compact B {%#1{a] ? i & T — % BEHAIIL 0 - B E > {F metric
space 1

compact = sequentially compact

EART > EfrmEERE ? B MR -



# m

hrE
BN

IR 1EE

W AR

(Hat -

&FH) > fL

R B
EVeAPLEES

\§id

BESE ) > JE IR



http://ocw.aca.ntu.edu.tw/ntu-ocw/index.php/ocw/copyright_declaration
http://ocw.aca.ntu.edu.tw/ntu-ocw/index.php/ocw/copyright_declaration

	Rn中的Topology
	Compact概念的誕生
	Topology
	Rn 中的 open set
	Rn中的compact sets
	Sequentiall compact set

	ch5_0313noted
	copyrightch5



