Exercises for Unit 4

. Let (2, %, 1) be a measure space, it is called a complete measure space if every p-null set is in X.
Define

¥ ={ACQ: there are sets B and C in ¥ such that C C A C B and u(B\ C) = 0};

and for A € ¥ let 7i(A) = pu(B) = u(C) where B,C in ¥ are as in the definition of ¥. Clearly 7 is
well-defined on ¥ and is an extension of u to 3.

(i) Show that X is a o-algebra on Q and 7 is o-additive on ¥ ((Q, X, 7) is called the completion
of (2,5, 1))
(ii) Show that (2,3, p) is complete if and only if

(2,5, 1) = (2, 5,70);
and that (€, Q,%,7) is the smallest complete measure space containing (£2,%, 1) in the sense
that if (2,%, ) is a complete measure space with ¥ C S and fls = u, then ¥ C ¥ and

(A) = ia(A) for AeX.
. Show that for k,l in N, (RF+! _Zk+l \k+1) is the completion of (R* x RY, Z* @ £ A\F x \).

. Suppose that Qq,%1, u1) and (9, X9, uo) are o-finite complete measure spaces and let p be the
measure constructed from py X py on Xy ® ¥ by Method I. Show that (€5 x Q,X#, ) is the
Completion of (Ql X QQ, 21 ® 22,/_1,1 X Mz)

. Let (£2,%, 1) be a o-finite measure space and f a nonnegative Y-measurable function on . Put
Gy ={(w,y) €2 x[0,00):0<y< f(w)}. Show that Gy € X® % and pu x N(Gy) = [, fdp.

. Show that fooo( palg “ITginr)dr = j 1 fo * gin xdzx and use this fact to show that fo ji,n_“i dr =

1
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. Show that fooo(@)%lt = m1n 2 by integrating the triple integral
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