Exercises for Unit 3

. Let p be additive on an algebra A on €.
(a) Show that p is o-additive if and only if 4 is continuous from below on A.
(b) Show that if p is o-additive on A, then for any seq {4,} C A with |JA4,, € A we have
w(lUJAR) <> u(4,) (sub o-additivity).
n n
. Let u be a o-additivity set function on an algebra A on  with u(Q) < co. Suppose that p; and

2 are measures on a o-algebra ¥ O A such that p;(A) = pa(A) = u(A) for all A € A. Show that
p1 = pig on o(A). (Hint: Show that {B € X : u1(B) = p2(B)} is a A-system on Q)

. Let (2, X, 1) be a measure space, and suppose that f and g are measurable functions with f < g.
(a) If [, gtdu < oo, show that [, fdu exists and [, fdu < [, gdp.
(b) Suppose that both [, fdu and [, gdp exist. Show that [, fdu < [, fdu

. Let f be a measurable function on (Q,%, ). Show that [, fdu exists if and only if f = f1 — fa
for some nonnegative measurable functions f; and f; such that fQ fidp — fQ fodp is meaningful.
(Hint: for f; and f as above, observe that f* < fi and f~ < f5).

. If f and g are measurable functions on (Q, X, y1) such that [, fdu, [, gdp, and [, fdp+ [ gdp are
meaningful, show that f 4 g is defined a.e. and

/Q(f+g)du:/ﬂfdu+/ﬂgdu

. Let f be a measurable function on (2, %, p).

(a) If f >0 a.e., then show that fQ fdu =0 if and only if f =0 a.e.
(b) If A e X, define [, fdu = [, fLadp if [, fIadp exits.
Show that f = 0 a.e. if and only if fA fdu =0 for all A € 3.

. Suppose that f and g are defined a.e. on (2, %, 1) and are measurable. Show that if f+ g is defined
a.e. then f 4 ¢ is measurable.

. Show that if {f,} is a seq. of measurable functions which is bounded from below by an integrable
function a.e. and is nondecreasing a.e., then fQ lim f,dp = lim fQ fndp. (Hint: Show first that
n—oo n—oo

[ is integrable and hence [, fndp is defined for each n.)

. Let (©,%, 1) be a measure space, and let {A;}22, C X.
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(a) Show that if f is integrable, then

/ fdp=lim [ fdu.
limsup Ay, k—oo U A;
k— o0 j=k

(b) Let f be integrable and ¢ > 0. Show that there is § > 0 such that if A € ¥ and p(4) < 9,
then [, [fldu < e.
(Hint: suppose the contrary. Then for each k € N, there is Ay € ¥ such that p(A4g) < k—lz and
J 4 | fldp > €, then observe that p(limsup Ay) = 0 and conclude a contradiction. )

k—o0

(a) Show that for 1 <p < oo, |a1 + -+ a,|[’ <nP™t 3" |a;|P for real numbers ai, - , ay,.
j=1
(b) Show that if f,g € LP(2,5.2), 1 < p < oo, with [ ], + llgll, < o, then [ + gll, < oc.

Let (©,%, 1) be a measure space with u(2) < oo and suppose that {f,} is a seq. of measurable

functions each of which takes finite value a.e. and that f,, — f a.e. with finite limit. Show that

there are Z, Ay, Ag, -+ in X such that Q = Z|JUJ An, u(Z) =0, and f,, — f uniformly on each Ay.
n

Suppose that {f,} is a seq. of measurable functions on (2,3, ) . Show that if fQ S fuldu < oo,
n=1

o0 o0
then Y f, converges a.e., the function ) f, is integrable, and
n=1 n=1

/ngndu:g/sgndu

Suppose that {fx} is a seq. in LP(Q,3, ), 1 < p < oo, such that fr, — f a.e. with f € LP(Q, %, )
and || f]l, = klim || fillp- Show that fi — f in LP(Q, X, u).

—00
Suppose that the measure space (2, %, 11) is finite, i.e. u(2) < oo, and f € L®(, X, u).

1 ’ 1
() Show that (=L [ |fPdu) < (s Jo [FP d) ¥ 1< p <1/ < oo,
(b) Show that lim (s Jo |717dn) = |l

Suppose that 1 < p < r. Show that for any ¢ strictly between p and r we have

LIQ, X, p) C LP(Q, %, ) + L7 (2, 2, p).



